The Plateau Problem for General Curvature Functions 

12th October 2010 
Graham Smith 
IMPA, 

Estrada Dona Castorina 110, 
Rio de Janeiro, 
BRASIL 22460-320 

Abstract: We use a novel, differential topological approach to solve the Plateau problem 
for general convex curvature functions in general Hadamard manifolds. 

Key Words: Plateau Problem, Monge-Ampere Equation, Non-Linear Elliptic PDEs. 

AMS Subject Classification: 58E12 (35J25, 35J60, 53A10, 53C21, 53C42) 



1 



2 



The Plateau Problem for General Curvature Functions 

1 - Introduction. 

1.1 Convex Curvature Functions. 

In this paper we prove the existence of solutions to the Plateau Problem in Hadamard 
manifolds for locally strictly convex (LSC in the sequel) hypersurfaces of constant curvature 
for a large class of curvature functions. We first describe the curvature functions used, using 
[5] as our guide. For n G N, let T n C MJ 1 be the open cone of vectors all of whose components 
are strictly positive. Let / G C°°(T) n C°(T) be a non- negative valued function such that: 

Axiom (i): for every permutation, a, and for all x±, ..,x n G T: 

= f(xi, x n ). 

We say that / is a convex curvature function if and only if, in addition to satisfying 
Axiom (i): 

Axiom (ii): / is homogeneous of order 1; 
Axiom (iii): /(l, 1, 1) = 1; and 

Axiom (iv): / is strictly positive over T and vanishes over dT. 

Scalar notions of curvature of hypersurfaces are generated by convex curvature functions. 
Indeed, let M := M n+1 be an (n + l)-dimensional Riemannian manifold. Let E = (S,i) 
be an LSC immersed hypersurface in M and let A be the shape operator of E. If K is a 
convex curvature function, we define the K-curvature of E, by: 

K E = K(A 1 ,..,A n ), 

where Ai,...,A n are the eigenvalues of A. We now see that Axiom (i) ensures that in- 
curvature is well defined; Axiom (ii) ensures that it transforms in a familiar manner under 
rescalings of the metric over M; Axiom (iii) is merely a normalisation condition; and 
Axiom (iv) ensures that strict convexity is not lost after taking a smooth limit of strictly 
convex hypersurfaces of strictly positive prescribed -KT- curvature. 

Let / be a convex curvature function, we say that / is admissable if and only if: 

Axiom (v): / is strictly elliptic. In other words, for all x G T C M n and for all 1 ^ i ^ n: 

(dj)(x)>0; 

Axiom (vi): / is a concave function over T C M. n . 

These conditions are natural from the point of view of non-linear elliptic partial differential 
equations (c.f. [4]). Finally, in order to study boundary regularity of hypersurfaces of 
prescribed K-curvature, we require, in addition, one supplementary property. If / is an 
admissable convex curvature function, we define /oo G C°(r n_1 ) by: 

foo(x l7 ...,x n -i) = Lim f(x u ...,a; n _i,£). 

t— S- + 0O 
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By Axiom (v), the quantity inside the limit is a strictly increasing function of t, and so 
/oo is well defined. In Proposition 2.1, we see that, over the interior of r n_1 , is either 
everywhere infinite, or everywhere finite, in which case it is also concave, elliptic and 
homogeneous of order 1. We then say that / is regular at infinity if and only if either: 

Axiom (vii): is everywhere infinite; or 

Axiom (vii'): is finite and satisfies the following two conditions: 

(a): foo is strictly elliptic. In other words, for all x G r n_1 , there exists a supporting 
tangent (£1, ...,£ n _i) to at x such that for all i: 



£i > 0; and 



(b): for every compact subset X C T n l , there exists C, T > such that, for all x G X 
and for all t ^ T: 

/(M) ^.MaO-cr 1 . 

Remark: Axioms (i) to (wi) are satisfied by a large class of curvature functions, including 
Gaussian curvature and special Lagrangian curvature (c.f. [23] and [24]). Of particular 
interest are also the curvature quotients defined as follows: for all < k ^ n, let be the 
/c'th symmetric polynomial of x. Thus: 



\I\=k 



For 1 ^ k < n, we define f nj k by: 

fn,k = C n} k(Vn/vk) 1/(n ~ k ^ , 

where: 



cn,k = (ak(l)) 1 ^- k) ={ n k ) 



l/(n-fc) 



In Proposition 2.2, we see that these curvature quotients all satisfy Axioms (i) to (vi) and 
also (vii'), and therefore fall within the scope of this paper. □ 

1.2 The Plateau Problem with Outer and Inner Barrier. 

We begin by studying the Plateau problem in the slightly simpler case where there are 
two barriers corresponding to a subsolution and a supersolution, which generalises the 
existence results [5] of Caffarelli, Nirenberg and Spruck and [7] of Guan. We formulate the 
problem as follows: let M := M n+1 be a Hadamard manifold. Let := (£z,<9£;) and 
Ti u := (Yi u ,dYi u ) be smooth, compact, LSC, isometrically immersed hypersurfaces in M 
with smooth boundary. We say that E u bounds £/, and we denote T, u > if and only 
if there exists a smooth, compact (n + 1) -dimensional manifold (N, dN) with piecewise 
smooth boundary and a smooth isometric immersion I : N ^ M such that dN consists of 
2 connected components 8N\ and 8N 2 and: 
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(i) dNi and 8N 2 coincide and V := dNi = dN 2 is smooth; 

(ii) (dNi, I) = E; and N lies on the outside of this hypersurface; 

(iii) (dN 2 , 1) = and N lies on the inside of this hypersurface; and 

(iv) iV is foliated by the geodesic segments normal to dNi. 

Remark: Importantly, if E u is a graph over E;, then E u trivially bounds E;. Likewise, if 
E u bounds E; and these two surfaces make an angle of less than n/2 at every point of 
T := <9E U = <9E;, then E u is a graph over E;. We thus see that the concept of bounding 
cleanly generalises the concept of graph for LSC immersions. □ 

This notion is closely related to that of cobordism and we will see that it indeed defines 
a partial order on the family of LSC immersed hypersurfaces, justifying the notation (see 
Proposition 3.6). N is trivailly unique up to isometric reparametrisation, and in the sequel, 
we will refer to N := (/, (AT, dN)) as the convex cobordism from E; to E u . 

Let DK denote the linearisation of the -ftT-curvature operator, which, we recall, is a gen- 
eralised Laplacian acting on smooth functions over 5. Now consider any LSC immersed 
hypersurface E := (E, <9E) in M and let N be the outward pointing unit normal vector 
field over E. For k G C°°(M), define the operator C K on functions over S by: 

CJ = DKf - (Vk, N)/. 

We say that E is non-degenerate for (K, k) if and only if C K is invertible, and we say 
that it is stable for (K, k) if and only if, in addition, for all non-negative / G C°°(S), the 
unique solution, g, to C K g = f is also non-negative. 

We now obtain: 

Theorem 1.1 

Let K be an admissable convex curvature function which is regular at infinity; 
let M be a Hadamard manifold of sectional curvature bounded above by -1; Let 
K < k e C°°(M) be smooth functions taking values in ]0, 1[; and let E z := (E/, <9E/) 
and E u := (E U ,<9E U ) be smooth, compact, LSC immersed hypersurfaces such that: 

(i) Z u > E z ; 

(ii) K(Ei) = k ; and 
{\\\)K(E U ) > K . 

Then, if E ; is non-degenerate and stable for (K,k ), there exists a smooth, LSC 
immersed hypersurface E := (E,<9E), distinct from E z such that: 

E u > E > E/, 

and one of the following two possibilities holds: 

(a) either K(T,) = k ; 

(b) or K(E) = k. 
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Remark: This theorem generalises Theorem 1.1 of [22] to general notions of curvature. □ 

Remark: The same result holds with E u taking the role of E; in the hypothesis of this 
theorem. □ 

Remark: This theorem is essentially a statement about the number of solutions, or degree, 
counted modulo 2. The non-degeneracy of E; ensures that the degree is well defined, and 
in case (a) it is equal to 0, wheras in case (6) it is equal to 1. □ 

Remark: By calculating K as in Lemma 7.2 of [25], we can show that E; is non-degenerate 
and stable for (K, k ) whenever its shape operator is bounded above by Id. □ 

1.3 The Plateau Problem with Outer Barrier. 

We now consider the more general Plateau problem where only an outer barrier is given. 
This problem was first conjectured by Spruck in [28] and was then solved independantly 
in the case where K is Gaussian curvature and M = IR n+1 by Guan and Spruck in [8] and 
Trudinger and Wang in [29]. These results were further developed by Guan and Spruck in 
[9], by Ivochkina and Tomi in [13], and by Sheng, Urbas and Wang in [21] to treat more 
general convex curvature functions still in the case where M = R n+1 . 

All these papers use the Perron Method, which, in this context, may only be used when the 
ambient manifold is affine flat. In the case of special Lagrangian curvature, we were able to 
use the special properties that this notion of curvature possesses in [24] and [27] to apply the 
Perron Method in general manifolds. However, special Lagrangian curvature constitutes 
a very special case, and in general, for most other notions of curvature, with the current 
technology, the Perron Method breaks down in general manifolds, and a novel technique is 
required. It is for this reason that we apply the differential topological approach developed 
by the author in [26] , which not only allows us to solve the Plateau Problem in much greater 
generality, but moreover, via ideas of [12], [15] and [19], allows us to prove uniqueness in 
certain cases, as will be seen presently. 

We make the following definitions: let K be an admissable convex curvature function 
which is regular at infinity. We say that K is of finite type if and only if extends 
to a continuous function over the closure of r n_1 which vanishes along <9r n_1 , and we say 
that K is of determinant type if and only if: 

n 

where K = Det 1 ^, 71 + ... + 7 n = 1 and, for all i: 

(i) Ki is of finite type; and 

(ii) ai + Pi = 1. 

Importantly, admissable convex curvature functions of finite or determinant type constitute 
a large family which includes the curvature quotients / n ,fc, for all n, /c, special Lagrangian 
curvature, and Gaussian curvature. 
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We prove: 
Theorem 1.2 

Let K be an admissable convex curvature function of finite or determinant type; 
let M be an (n+l)-dimensional Hadamard manifold of sectional curvature bounded 
above by -1; let k g C°°(M) be a smooth function taking values in ]o, 1[; and let 
E u ■= (E U ,<9E U ) be a smooth, compact, LSC immersed hypersurface such that: 

(i) K(T, U ) > k] and 

(ii) <9E U only self- intersects transversa I ly. 

Then there exists a smooth, compact, LSC immersed hypersurface E := (E,<9E) 
such that: 

(i) T, u > E; and 

(ii) K(E) = K . 

In addition, we obtain uniqueness in certain cases: 
Theorem 1.3 

Moreover, if, for all A g r such that K(A) < 1: 

DK A - Id > DK A ■ A 2 , 

then the solution is unique. 

Remark: Importantly, this property is satisfied by the curvature quotients f n ^ for k G 
{n — l,n — 2} (c.f. [12]), by special Lagrangian curvature (c.f. Lemma 7.4 of [25]) and 
by Gaussian curvature when the hypersurface is 2-dimensional (c.f. Proposition 3.2.1 of 
[15]). □ 

1.4 An Alternative Formulation. 

The curvature condition on M is required to obtain global bounds on the norm of the 
shape operator of an immersed hypersurface of prescribed if- curvature. These bounds are 
obtained using the maximum principal by feeding the horosphere foliation of M into the 
following lemma which we believe to be of independant interest: let K be an admissable 
convex curvature function, let E be a smooth, LSC, immersed hypersurface in M and let 
A be the shape operator of K. By Proposition 2.3, DKa defines a symmetric matrix. 
Choose p6E, and let ei, e n G TE be an orthonormal basis of eigenvectors DKa and 
let fix, ...,fJ, n be their corresponding eigenvalues. We define the operator, A K over E such 
that, for all / G C°°(E), with respect to this basis: 

n 

A K / = ^^Hess s (/^, 

i=i 

where Hess E is the Hessian of the Levi-Civita covariant derivative of E. 



5 



The Plateau Problem for General Curvature Functions 

Lemma 6.2 

Let K be an admissable convex curvature function; let « : M ->]0,oo[ be a smooth 
strictly positive function; let E be an LSC smooth, immersed hypersurface in M 
such that K(Y) = k; and let <p : M ->■ M be a smooth function such that: 

(i) ||V^|| = l; and 

(ii) the level sets of <p are strictly convex with K-curvature greater than k. 
Then: 

n 

A K (fi ^ -||HeSS(^)|| ^2tli<P;i<f;i- 

i=l 

However, the maximum principal may be applied in a different way, allowing us to obtain 
existence results under different hypotheses. Let K be an admissable convex curvature 
function, and define ^^(K) by: 

fioo(K) = Limlnf DK A (Id), 

where T 1 := {A G T s.t. K(A) = 1}. 

Remark: If K = Det is Gaussian curvature, then: 

HooiK) = +00, 

and, if K = f n k is the curvature quotient, then: 

In general, by Proposition 2.3, (v), ^^(K) ^ 1. □ 
Theorem 1.4 

Let M be a Hadamard manifold. Using the notation of Theorem 1.1, suppose, 
moreover, that there exists p e M and R > such that: 

(i) E ; ,E U c B R ( P ); and 

(ii) k < ^oo{K). 

Then the conclusion of Theorem 1.1 continues to hold in this case. 
Theorem 1.5 

Let M be a Hadamard manifold. Using the notion of Theorem 1.2, suppose, 
moreover, that there exists p e M and R > such that: 

(i) E u c B R ( P ); and 

(ii) k < ^oo{K). 

Then the conclusion of Theorem 1.2 continues to hold in this case. 
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The following special case of Theorem 1.5 illustrates that these conditions are still fairly 
natural: 

Corollary 1.6 

Let K be an admissable convex curvature function of finite or determinant type; 
let k : R n+1 -»]0,l[ be a smooth function; let S n c R n+1 be the unit sphere and 
let (0,90) c S n be a relatively compact open set with smooth boundary. Then, 
there exists a smooth, LSC, immersed hypersurface E in R n+1 such that: 

(i) O > E; and 

(ii) K(E) = K . 

1.5 The Plateau Problem in Affine Flat Manifolds. 

We now consider affine flat Hadamard manifolds where stronger existence results can be 
obtained. These are Hadamard manifolds which are everywhere locally affine equivalent 
to R n . Importantly, this class includes not only both Euclidean space and hyperbolic 
space as special cases, but also a large family which may be constructed by taking small 
deformations of hyperbolic space within the family of convex MP-structures, as studied 
by Loftin in [16] and [17]. This is the natural context within which to apply the Perron 
method as developed by Guan and Spruck in [9] and Trudinger and Wang in [29], and we 
obtain: 

Theorem 1.7 

Let K be an admissable convex curvature function which is regular at infinity; let 
M be an (n + l)-dimensional affine flat Hadamard manifold; let k g C°°(M) be a 
smooth function; and let E u = (E U ,<9E U ) be a smooth, compact, LSC, immersed 
hypersurface such that: 

(i) K(E U ) > k\ and 

(ii) <9E U only self intersects transversa I ly. 

Then there exists a C ' 1 , compact, LSC, immersed hypersurface E := (E,<9E) such 
that: 

(i) E is C°° away from the boundary; 

(ii) E u > E; and 

(iii) if(E) = k. 

1.6 On Work of Guan, Spruck and Szapiel. 

Finally, we consider the asymptotic Plateau problem in H n+1 , first studied by Rosenberg 
and Spruck for Gaussian curvature in [20], and then for more general convex curvature 
functions by Guan, Spruck and Szapiel in [10] (work which is then generalised further by 
Guan and Spruck in [11] to treat non-convex notions of curvature which fall outside the 
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scope of this paper). The machinery developed in this paper yields the following result 
which improves upon Theorem 1.2 of [8]: 

Theorem 1.8 

We identify M n+1 with the upper half space in R n+1 . Let r = dtt c R n where O 
is a bounded smooth domain in R n . Let K be an admissable convex curvature 
function such that K^l, 1) > 1. For all k e]0, l[, there exists a complete, LSC, 
C 1 hypersurface E in H n+1 such that: 

(i) E is C°° away from the boundary; 

(ii) dE = r; and 

(iii) if(E) = k. 

Moreover, if u -. Q, ->• [0, oo[ is the function of which E is the graph, then, for all 

pedQ: 

\\Du(p)f = ±-l, 
and, for all k ^ 1, there exists B k > such that: 

u fc_1 ||I> fc u|| < S fc . 

Remark: This has been proven independantly using different techniques by Guan and 
Spruck in [12]. □ 

Remark: We thus generalise completely to general convex curvature functions the result 
[20] of Rosenberg and Spruck, proven in that case for hypersurfaces of prescribed extrinsic 
curvature. □ 

Remark: This theorem is proven from Theorem 1.3 of [10] by taking limits, which is 
permitted by our Proposition 8.1. The condition that K^l, > 1 is imposed as 

one of the hypotheses used throughout [10]. In our setting, bearing in mind Theorem 
1.7, we may replace it by the condition of being regular at infinity, although it is unclear 
which choice of conditions is preferable. In addition, Theorem 1.7 also allows us to extend 
Theorem 1.8 to the case where O is non-simply connected and has a finite number of 
boundary components, all of which are smooth. □ 

Remark: Our Proposition 8.1, which is the key to this result, is a generalisation of Theorem 
1.1 of [21] to more general ambient manifolds. However, in [21], Sheng, Urbas and Wang 
consider more general curvature functions than are studied here. We have nonetheless 
chosen to prove this result only for convex curvature functions since the context of the 
current paper doesn't justify the extra work. However, our experience suggests that there 
should be absolutely no obstacle to proving a generalisation of Sheng, Urbas and Wang's 
result in its entirety, and we believe that such a result may be used in conjunction with 
Theorem 1.3 of [11] to prove a corresponding generalisation of Theorem 1.8 to the more 
general curvature functions studied in that paper. □ 
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1.7 Summary and Acknowledgements. 
This paper is structured as follows: 

(i) in Sections 2 and 3 we introduce the concepts of convex curvature functions and convex 
cobordisms, and we study their basic properties; 

(ii) in Sections 4 to 8 we use barrier techniques to derive a-priori estimates for the deriva- 
tives of hypersurfaces of prescribed K- curvature, for general convex curvature functions, 
K . Sections 4 to 7, in particular, constitute the most innovative part of this paper where we 
show how straightforward barrier functions built from relatively simple geometric objects 
allow us to prove our results in the current generality; 

(iii) most of the theorems of this paper are proven in Section 9; and 

(iv) in Section 10, we show how the techniques developed in this paper allow us to prove 
Theorem 1.8. 

This paper was written in response to a question asked by Joel Spruck at the conference, 
"Algebraic, Geometric and Analytical Aspects of Surface Theory" , held in Buzios, Brazil 
in April 2010. The author would like to thank Harold Rosenberg for helpful comments 
made to later drafts of this paper. The author is also grateful to the IMPA, Rio de Janeiro, 
Brazil, for providing the excellent conditions required to write this paper. 

2 - Convex Curvature Functions. 

We begin by proving the various properties of convex curvature functions which are re- 
quired throughout the sequel. 

Proposition 2.1 

If / is an admissable convex curvature function, then is either everywhere 
infinite, or everywhere finite. Moreover, if is everywhere finite, then: 

(i) /oo is homogeneous of order 1. 

(ii) foo is concave; and 

(iii) /oo is (potentially non-strictly) elliptic; 

Proof: The limit of an increasing family of concave functions over an open set is either 
everywhere infinite, or everywhere finite and concave. This proves the main assertion and 
Assertion (ii). Assertions (i) and (iii) then follow trivially. □ 

For 1 ^ k < n, let f n ^ be the curvature quotient as defined in the introduction. 

Proposition 2.2 

For 1 ^ k < n, f n , k satisfies Axioms (i) to (vi) and (vW). 
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Proof: Denote / = / n ,fc- (*) follows from the definition, (ii) and (Hi) are trivial. Define 

$ :]0,oo[ n ^]0,oo[ n by:' 

^( Xl ,...,x n ) = (x-\...,x~ n ). 

Then: 

/ O $ = C ni fc(T z 

where I = n — k. Trivially, if any component of x g]0, oo] n is infinite, then so is o\ and so 
/ extends to a continuous function over V which vanishes over dT. This proves (iv). For 
x e]0, oo[ n such that crj(x) = 1, if we denote y = then, for each i, by the chain rule: 

(9if)(x) = yc n)fc ^ 2 a z _i(yi,...,£i,...,y n ). 

This is trivially positive, and (v) follows, (vi) is proven in [4]. Choose (yi,..,y n ) G 
]0,oo[ n_1 . Trivially: 

Limo-j(yi, y n _i, t) = o-j(yi, y n _i) 
t— >-o 

(vii')(a) now follows from (v). Finally: 

(Ti(yi, ...,y n _i,t) = ai(y u ...,y„_i) +*<ri_i(yi, ...,y„_i) 

=► ai(y 1 ,...,y B _ 1 ,t)- 1 /' = g ,( yi , ...,y w - 1 )-^ - f ^g^g^ + 0(t 2 ), 

for all sufficiently small t, and (vii')(b) follows. This completes the proof. □ 

Finally, we relate convex curvature functions to O(n) invariant functions over the space 
of symmetric matrices, and it is this perspective that will be most relevant to the sequel. 
Let Symm(n) be the space of real valued symmetric n-dimensional matrices and let V C 
Symm(n) be the open convex cone of positive definite matrices. Let / be an admissable 
convex curvature function. We define F e C°°(r) n C°(T) by: 

F(A) = f(X 1 ,...,X n ), 

where Ai, A n are the eigenvalues of A. 
Proposition 2.3 

Let / be an admissable curvature function. For all A e V c Symm(n), there exists 
a unique matrix B e Symm(n) such that, for all M e Symm(n): 

DF A (M) = Tr(BM). 

Moreover: 

(i) B is positive definite; and 

(ii) A and B are simultanously diagonalisable. 

In addition, if ei,...,e n is a system of shared eigenvectors for A and B and if 
Ai, A n and fi 1 , fi n are the corresponding eigenvalues of A and B respectively, 
then: 
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(iii)for all % ^ j: 

Xi ^ Xj -v^> iii ^ Hj] 

{W)df a (A) = j:7=i^ = f; 

(v) DF A (ld) = ElLiAti ^ l; and 

(vi) for all M e Symm(n): 

n 

-(D*f) A (M,M)>Y,J^ M ^°- 

i=l 1 3 

In particular, F is concave. 

Proof: DF A : Symm(n) — > Symm(n) is linear. There therefore exists a unique matrix, B, 
such that, for all M £ Symm(n): 

DF A (M) = Tr(SM). 
By Axiom (i) of /, F is 0(n) invariant. Thus, for all A e T and M e O(n): 

F(M*AM) = 
Differentiating, for all antisymmetric M: 

DF A (MA-AM) =0 
=>• Tr([AB]M) = 0. 

However, since A and B are both symmetric, [AS] is antisymmetric, and so, since M is 
arbitrary: 

[AB] = 0. 

(ii) now follows. Let e\,...,e n be a system of shared eigenvectors of A and B and let 
Ai, A n and /jli, ...,/x n be the respective corresponding eigenvalues. By Axiom (i) of /, 
for all i: 

fit = DF A {ei®ei) > 0. 

(i) now follows. (Hi) follows by concavity of / and (9(n)-invariance (Axioms (i) and (vi)) 
and (iv) follows by homogeneity (Axiom (ii)). Likewise, by concavity: 

DF A (Id - A) > F(Id) - F(A) 

E?=l A * - E?=l > 1 - K. 

Thus, by (if): 

n 

i=i 

(u) follows. Finally, (vi) follows by concavity as in Lemma 2.3 of [21]. This completes the 
proof. □ 
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3 - Convex Cobordisms. 

First order bounds are expressed in terms of compactness results for convex sets which 
we describe in this section. To this end, we study convex cobordisms in more detail. 
Trivially, when a convex cobordism exists between two LSC hyper surfaces, it is unique. In 
this section, we show that the property of existence of a convex cobordism is transitive. 
Compactness then follows. 

Let M := M n+1 be an (n + l)-dimensional Hadamard manifold. For m G {1,2}, let 
£ m := (£ m ,<9£ m ) = (i m , (S m ,<9S m )) be a compact, LSC, smooth, immersed hypersurface 
in M . Suppose that: 

£ 2 > Si- 

Let (I, N) be the cobordism from £1 to £2. The geometry of N is encoded in the following: 
Proposition 3.1 

Choose p e N\S lt let q e Si be a point minimising distance to p and let 7 : [0, 1] ->■ 
N be a length minimising rectifiable curve such that 7(0) = q and 7(1) =p. Then: 

(i) 7Q0, l[) lies in the interior of N; 

(ii) 7Q0, 1[) is a smooth geodesic; 

(iii) if p e S 2 \ 0S 2 , then 7 is transverse to S 2 at p\ 

(iv) if q e Si\ dSi, then 7 makes a right angle with Si at q\ and 

(v) if q g dSi, then 7 is normal to dS 1 at q and: 

((a t7 )(o),N 9Sl )^o, 

where N 9Sl is the normal vector to dSi in Si pointing outwards from Si. 

Remark: Importantly, the proof of this proposition does not require the existence of a 
foliation. □ 

Proof: Define t G [0, 1] by: 

to = Inf {t G [0,1] s.t. 7 (£) eS 2 }. 

If q G Si \ <9Si, then trivially to > 0. If g G <9£i, then likewise, by local strict convexity 
of S 2 , t > 0. 7([0,£o]) nes inside S'2, and thus, by local strict convexity of S 2 , it cannot 
be tangent to S'2. It follows that 7 does not minimise length unless to = 1, +00 (the latter 
case occuring when 7 never intersects S2) and this proves (i). (ii) is trivial. Likewise, 
taking to = 1 5 we see that 7 is transverse to S2 at 7(1) = p, and this proves (Hi), (iv) and 
(v) are trivial, since 7 is length minimising. This completes the proof. □ 

Let d : N -» R be the distance in N to Si. 

Proposition 3.2 

For all p e N, there exist a unique point g g Si minimising distance to p. 
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Proof: Let q G Si minimise distance to p. Let 7 : [0, 1] — > N be a length minimising curve 
from p to q. By Proposition 3.1, (i), (ii), (iv) and (y), 7 is a geodesic in N which is normal 
to Si. However, by hypotheses, there is only one such geodesic passing through p. This 
completes the proof. □ 

Let 7r : S2 — > Si be the projection onto the closest point. Since Si is LSC and since N is 
non-positively curved, 7r is distance decreasing. We thus immediately obtain: 

Proposition 3.3 

For each i, let Diam(Ej) and Vol(Ej) denote the diameter and volume of E; re- 
spectively. Then: 

Diam(E 2 ) ^ Diam(Ei), Vol(E 2 ) ^ Vol(Ei). 

Likewise, we obtain: 
Proposition 3.4 

The function d is strictly convex. 

Proof: Choose p G N \ Si. By Proposition 3.2, there exists a unique point q £ Si 
minimising distance to p, and the result now follows trivially, since N is non-positively 
curved. □ 

We now prove transitivity. For m G {1,2,3}, let E n := (E m ,<9E m ) = (z m , (S m ,dS m )) be 
smooth, compact, LSC, immersed hypersurfaces in M and suppose that: 

E3 > E2, S 2 > Ei. 

Moreover, let (I12, N12) and (I23, N23) be the convex cobordisms from Ei to E 2 and from 
E 2 to E 3 respectively. We define JV^U^ by joining iVi 2 to A^ 2 3 along E 2 . We define 
hi U hs ■ N12 U iV 2 3 — >■ M by: 



(T M r \ (rr \ - S hi(x) if x G ATi 2 ; and 



Proposition 3.5 

There exists no non-trivial geodesic arc 7 : [0,1] ->■ Af^u^ such that: 

7 (0), 7 (l)eSi. 



Proof: Suppose the contrary. Let 7 : [0, 1] — > AT 12 U A^3 be a geodesic arc such that 
7(0), 7(1) G Si. By Proposition 3.4, 7 is not contained in iV 12 . There therefore exists 
to G]0, 1[ such that 7(^0) hes in the interior of A^ 23 , and there exists ti < to < t 2 such that 
7(^1^2]) is contained in A^ 2 3 and 7(^1) and 7(^2) both lie in E 2 . However, this is also 
absurd by Proposition 3.4, and this completes the proof. □ 

Proposition 3.6 

(I12 u/23, N12 u A^ 23 ) defines a convex cobordism from Ei to E 3 . 
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Proof: Denote N = AT 12 U AT 2 3. It suffices to show that for all p G AT, there exists a unique 
geodesic normal to Si passing through p. Indeed, for p £ N \ S3, let Q(p) be the set of 
points q E Si such that there exists a geodesic ^ q : [0, 1] — > N such that: 

(i) 7,(0) = q; 

(ii) 7 g is normal to Si at q; and 

(iii) 7 ? (l) =P- 

Since Si is LSC, Q(p) is discrete. Since £1 is compact, Q(p) is therefore finite. Denote: 

D(p) = \Q(p)\. 

Choose q G Q(p). As is Proposition 3.1, (z), 7 9 does not intersect S 2 and by Proposition 
3.5, 7 g only intersects Si at q. It follows that, for all q G Q(q), and for all p' sufficiently 
close to p, 7 g may be perturbed to another geodesic normal to Si and terminating at p. It 
follows that D(p) is locally constant. However, by Proposition 3.5 again, D(p) is equal to 
1 along Si, and the result now follows by connectedness for p £ S2. 

Finally, suppose p G S 2 . For q G Q(p), by Proposition 3.1, (m), 7^ is transverse to £2 at 
p. We thus conclude as before that D is locally constant near p and thus D(p) = 1 too. 
This completes the proof. □ 

Finally, let E := (E,<9£) = (z, (S, <9S)) be another compact LSC smooth immersed hyper- 
surface in M such that: 

E 2 > E > Ei. 

For e > and p G S, we define S Pje to be the connected component of i~ 1 (B e (i(p))) 
containing p and we define E Pj€ by: 

By abuse of notation, we refer to E P)(E as the connected component of EflS e (p) con- 
taining p. 

Proposition 3.7 

There exists e > which only depends on £1 and E 2 such that for all p e S, E p e 
is embedded and lies on the boundary of a convex set. 

Proof: Let (Ii,Ni) and (I 2 ,AT 2 ) be the cobordisms from E x to E and from E to E 2 
respectively. By Proposition 3.6, Ni U A^ 2 defines a cobordism from Ei to E 2 . By definition, 
S is embedded in N. Trivially, I can be extended slightly to an immersion defined over 
an open (non complete) manifold containing N, and there exists e > such that, for all 
p G AT, the restriction of / to B e (p) is an embedding. This is the desired value of e, and 
this completes the proof. □ 

Using the compactness of the family of convex sets, we immediately obtain the following 
compactness result: 
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Proposition 3.8 

Let (E n ) n6N be a sequence of compact, LSC, smooth immersed hypersurfaces 
such that, for all n\ 



Then there exists a C ' 1 LSC immersed hypersurface E such that: 

(i) (E n ) n6N converges to E locally uniformly; and 

(ii) E 2 > E > Ex, 

where E 2 ^ E means that E 2 may be tangent to E at some points. 

In addition, using the regularity of <90 we obtain a slightly stronger result for points near 
the boundary. Trivially, by compactness, there exists e > such that, for all p G V := 
dT>i — <9E 2 and for all q in B e (p), there exists a unique geodesic joining p to q. For such p 
and q, let r v ^ q denote parallel transport from qtop along this geodesic. Observe that, since 
T is smooth, the normal to E at p is well defined and we denote it by N (p). We obtain 
the following uniform modulus of continuity which is of critical importance throughout the 
sequel: 

Proposition 3.9 

There exists a continuous function m : [0,1] x [u,oo[->- [0, oo[ such that m(0,0) = 
and, for all e > 0, for all n e N, for all p e <90, and for all q e B e (p), if N is a 
supporting normal to E n at q, then: 



where D is the spherical distance in the unit sphere in T q M and [N Eu (p), N (p)] is 
the geodesic segment joining N E2 (p) to N (p) in the unit sphere in T q M. 

Remark: Importantly, Nq is not necessarily continuous along V. Indeed, consider the 
following convex graph: let -Bi(O) be the ball of radius 1 about the origin in W 1 . Let v be 
a unit vector in W 1 and, for a G]0, 1[, define / : -Bi(O) ->■ R by: 



The function / is concave and vanishes along dB\(0). For x G dBi(O), if N is the supporting 
normal to the graph of / at x, then N(x) is well defined for all x, and: 



This is trivially not continuous. 

Proof: The set of supporting normals to an LSC hypersurface at any point is a continuous 
function with respect to the Haussdorf topology of the convergence of sets. Likewise, for a 
sequence of convex sets converging towards a limit, the supporting normal sets subconverge 
to a subset of the supporting normal set of the limit. Observe that, since E 2 is smooth, 
we may extend it smoothly beyond its boundary by adjoining an LSC collar region, E 2)C . 
Then EoUE 2jC is a C 0,1 immersed hypersurface, and, for all p G T, its set of supporting 
normals at p is [Ne 2 , N (p)]. The result now follows by compactness, and this completes 
the proof. □ 



E 2 > E n > Ei. 



D([N E2 (p),N (p)],r Pi ,(N)) < m(l/n,d(p,q)), 



f(x) = Min(a(x, v) + a, 1 — \\x\\). 
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4 - First Order Lower Estimates Along The Boundary. 

Let M := M n+1 be an (n + l)-dimensional manifold of non-positive curvature. Let K 
be an admissable convex curvature function. In this and the following section, we will 
suppose that K satisfies Axiom (vii 1 ) (and so is everywhere finite), and we obtain 
lower estimates for the normals of locally convex hypersurfaces of prescribed i^-curvature. 
Explicitly, let k G C°°(M) be a smooth, strictly positive function, let E; := (E;,<9E;) and 
:= (E u , dYi u ) be smooth, LSC hypersurfaces with smooth boundary such that: 

(i) T, u > E z ; and 

(ii) < k < K(E U ). 

In the sequel, we denote by B the family of all quantities which depend continuously only 
upon the data, being, in this case M, K, k, E; and E u . For any supplementary data, X, 
we denote by B{X) the family of quantities which also depend on X. 

For N a normal vector to T, let Ar(N) be the second fundamental form of V in the direction 
of N. In other words, if X and Y are vector fields tangent to V: 

A r (X, Y) = -(V X Y,N). 

We say that V is strictly convex with respect to V if and ony if A r (V) is positive definite. 
We now consider how the normal vectors are configured (see Figure 1). 





/ / \ c 




// ^^V$o\ 




// 
/ / 
/ / 
/ / 


/ 




/ / 
/ / 
/ / 





Figure 1 



Let UM be the bundle of unit tangent vectors over M. Denote N u := Ne u and Nj = Ne ; . 
Consider p G T := dE u = <9E Z . Since E u and E; are both convex, N u (p) ^ — N;(p). We 
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thus define C(p) to be the unique shortest geodesic in U P M joining M u (p) to N/(p). By 
Proposition 3.9, if E is a C ' 1 LSC hypersurface such that E; < E < S u , then, for any 
point, q, sufficiently close to p, every supporting normal to E at q lies close to C(p). 

Choose V eU p M such that: 

(i) V is coplanar with N; and N u ; 

(ii) V i C; and 

(iii) T is strictly convex with respect to V. 

For V sufficiently close to N u (p), we may define the embedded hypersurface H such that: 

(i) H passes through p and its outward pointing normal at p is N# = — V; 

(ii) H is strictly concave; and 

(iii) T, Eti and E; lie locally above H. 

This configuration yields a barrier function which allows us to prove: 

Proposition 4.1 

There exists 5 > in B such that if E := (E,<9E) is a smooth, LSC immersed 
hypersurface in M such that: 

(i) E u > E > E z ; and 

(ii) K(E) = k; 

and if N E is the outward pointing unit normal over E, then, over r := <9E: 

Koo(A r (N E )) + 

Remark: For N a normal vector to T, define K(N) by: 

K(M) = K 00 (A r (N)). 

Trivially, K is a continuous function of the set of normal vectors of V with respect to which 
T is strictly convex. Proposition 4.1 tells us that the normal to E lies uniformly in the 
complement of X _1 ([0, k(j>)]) for all p e T. □ 

Proposition 4.1 is proven in the following section. In this section we construct the barrier. 
Choose p G r. Let N p be a normal vector to V at p lying between the outward normals of 
Ej and E M . Let Ai, A n _i be the eigenvalues of Ar(N p ), and suppose that: 

K 00 (X 1 , A n _i) = n(p). 

Let $o be a smooth function defined in a neighbourhood of p such that: 

(i) V$ = N p ; and 

(ii) $ vanishes over T. 
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The barrier will be constructed by perturbing $ . We define dn by: 

d H (q) = d(q,H). 

For any two functions / and g with non-colinear derivatives at p, we define the {n — 2)- 
dimensional distribution E(f, g) near p by: 

E(f,g) = (Vf,Vg) ± , 

where (X, Y) here denotes the space spanned by the vectors X and Y. Let ei, e n _i be 
an orthonormal basis for T p T with respect to which Ar(N p ) is diagonal. Bearing in mind 
that Vdu and V$o are non-colinear at p, we extend this to a local frame in TM such that, 
at p, for all X and all i: 

(Vxei,Vdtf) = -Hess(cfo)(ei,X), 
(V x e l5 V$ ) = -Hess($ )(e l , X). 

Define the distribution E near p to be the span of ei, e n _i. 

Proposition 4.2 

If L> represents the Grassmannian distance between two (n-2)-dimensional spaces, 
then: 

D(£?, J E($ ,d ff )) = O(4). 

Proof: Indeed, by definition, for all X and for all i, at p: 

X{ ei , Vd H ) = (V x e,, Vd H ) + ( ei , V x Vd H ) = 0. 

Likewise: 

X( ei ,V$ ) =0. 

The result follows. □ 

For a smooth function /, we define K 00yE (f) by: 

iW(/) = ^^oo(Hess(/)|,;), 

where Hess(/)|s is the restriction to E of the Hessian of /. 
Proposition 4.3 

If V is sufficiently close to N u , then, for all / defined near p such that: 

(i) /(p) = 0; 

(ii) v/(p) = 0; 

(iii) the Hessian of the restriction of / - d H to r vanishes at p; and 

(iv) the restriction of Hess(/) to H is positive definite, 
there exists a function x such that x(p),Hess(x)(p) = and: 

^oo,i?($0 + x{d H - /)) ^ K + 0(4). 
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Proof: Denote $1 = <£>o + x{du — /)• By definition, the restriction of ||V<&o|| 1 Hess($o) 
to E coincides with A r (N p ) and thus, by definition of N p , at p: 

K^^q) = /c(p). 

The gradient of x(dn — f) vanishes at p, the Hessian of xf vanishes at p, and the Hessian 
of the second order term xdjj vanishes on (Vdn) at p and thus so does its restriction to 
E. It thus follows that x(dn — f) does not affect K^ e at p, and so, for all x, at p: 

Koo,e(&i) = «(p)- 

Let Ai, A n _i be the eigenvalues of the restriction of Hess($o) to E at p. Let (/xi, jit n _i) 
be a supporting tangent to at (Ai, A n _i). By strict ellipticity of (Axiom 
(vii')(a)), we may assume that, for all k: 

[i k > 0. 

Suppose first that all the Aj are distinct. Define such that, for all A' l7 A^_ x : 

n 

K 00 (X' 1 , A^-J := Koo(Ai, .., A n _i) + ^^(A^ - Ai). 

i=i 

By concavity of (Proposition 2.1, (ii)), for all A' 1; X' n _i- 

K 00 (X' 1 , A^_ x ) < ^^(Ai, \' n _i)- 

Using instead of K^, we define in the same way as K oc (E). Denote P = 

x(d H - f). At p: 

Hess(P) = Vx <g> Vdjy + Vdj? <g> Vx. 
At p, for all i, by definition, (e i; Vein) = 0. Thus, recalling the formula for Ve i; for all X: 

Xlless(P)(e i ,e j ) = (V x Hess(P))( ei , ej ) + Hess(P)(V x ei, e,-) + Hess(P)( ei , W x ej) 
= (VxHess(P))(ei,ej) - B.ess(d H )(X, e^)x-j - Hess(d H )(X, ej)x ;i . 

We extend ei, .., e n _i to a basis eo, e n for T p M. Observe, in particular, that the plane 
spanned by eo and e n coincides with the plane spanned by N p and V<i#. Since all the Aj 
are distinct, they are smooth in a neighbourhood of p and, thus, with respect to this basis, 
for all i, k, bearing in mind the terms that vanish at p, we obtain: 

<9fcA; = 9 fc Hess($ )(ei, e*) + c\Hess(P)(e;, a) 

= <9 fc Hess($o)(ei, e,) - 2x ;i / ;ifc - x. k f. u + x. k d H -u- 

However, since the Hessian of the restriction of f — dn to V vanishes at P, and since 
V(/ — du){p) = V — dn{p) = V is a unit normal to T at p, we obtain, for all i,j at p: 

/;« - d H -n = A T {-Vd H )u = A T (V)u. 
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Thus, for all i, k, at p: 

d k K = <9 fc Hess($o)(ei, e t ) - 2x.J. ik - x. k A r (V)n. 
Thus, at p, for all k, bearing in mind that Koo,e(&i) = k at po: 

where, for any vector U: 

(MU) k = -K(V<f> ,yd H )U k - k(V$o, U)d H , k 

We claim that, after modifying V slightly if necessary, M is invertible. Indeed, suppose that 
MU = for some non-trivial U. Taking the inner product with (0, //1E/1, fj, n -iU n -i, 0) 
yields: 

n— 1 n— 1 n— 1 

2 J] (jJLiUi)(jJL k U k )f., ik + («(W , Vd H ) + ^ ^i^r(V)ii) ^ ^ = 

i,fc=l i=l fc=l 

However, choosing F sufficiently close to N u , and bearing in mind concavity and Proposi- 
tion 2.3, (iv) applied to k^: 

= Er=i 1 Mr(^)«. 

Thus: 

n-l 

k(V$ , Vrf^) + ^ > 0, 

i=i 

and so, since fj, k > for all k: 

Y.7k=l(^ U i)(PkU k )f- ik =0 

C/fc ' = for all 1 ^ fc ^ n - 1, 

since f-ij is positive definite. Now observe that M preserves (V<if/, V<E>o) = ( e o? e n)- 
With respect to the basis (Vdjj, V$o) 5 an d recalling that Vrf^ = —V, the matrix of the 
restriction of M is given by: 



M 

where, for all U : 



A(V) -2k(V$ ,^) k 



A(*7) = X>Ar(*7)< 
i=i 
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Let U be a unit vector in the plane spanned by V$o and V = —Vdn, and let 9 be the 
angle between V$o and U There exists a, b G R such that: 

X(U) - 2k(V$ , t/) = (a - 2k)cos(#) + 6sin(0). 

When 6> = 0, bearing in mind Proposition 2.3, (iv): 

U = V$ 

=4> A = K. 

It follows that a — 2k = k ^ 0. Thus, by varying V slightly if necessary, we may assume 
that: 

\{V) -2k(V$ ,^) ^0. 

Finally, we have already shown that A — k(V<&q,V) > 0, and so the restriction of M to 
(Vdn, V$o) is therefore invertible. Thus Uq = U n = 0, and M is therefore invertible as 
asserted. 

Since M is invertible, there exists x such that, at p, for all k: 

{MVx), k = -dkK^E^o) + K . k . 

Consequently: 

KcoA*) =K + 0(d 2 ) 
($) ^K + 0(dl). 

Finally, if Aj = Aj for some z 7^ j, then, by convexity, we may choose [i such that Hi = [ij. 
We then proceed as before, and this completes the proof. □ 

For M > 0, we define $ by: 

$ = $0 + x(d H - /) + Md\. 

Proposition 4.4 

If D represents the Grassmannian distance between two (n - 2)-dimensional sub- 
spaces then: 

D(E($ , d H ),E($, d H )) = 0{d 2 p ) + 0(d H ). 

Proof: Since xf is of order 3, near p: 

V$ = V$ + (x + 2Md H )Vd H + 0{d 2 p ) + 0{d H ). 

Thus: 

(V$, Vd H ) = (V$ + 0(d 2 p ) + 0{d H ), Vd H ), 
where (•, •) here represents the subspace generated by two vectors. The result follows. □ 

Corollary 4.5 

If D represents the Grassmannian distance between two (n - 2)-dimensional sub- 
spaces then: 

D(E,E(<f>,d H )) = 0(d 2 ) + 0(d H ). 
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Proof: This follows by the triangle inequality and Proposition 4.2. □ 
Proposition 4.6 

Let e > 0. If Me 2 < 1, d H < e 2 and dp < e, then either: 

(i) the restriction of Hess($) to E(V$,Vd H ) is not positive definite; or 

(ii) 

^oo,£(V$,Vd„)($) < K + 0{t 2 ). 

Proof: Define $i by: 

$i = $ + x(d H - f). 

By Proposition 4.3: 

^ + 0(e 2 ). 

Since Hess($i) = 0(1), by Corollary 4.5: 

^oo,E(V<f,Vd H )($l) < K + 0(e 2 ). 

Differentiating Md 2 H yields: 

Kess(Md 2 H ,) = 2MVd H <g> Vd H + 2Md H lless(d H ). 

The first term vanishes along (Vdn) • The second term is negative definite. Consequently, 
either the restriction of Hess(<E>) to i?(V$, Vdj/) is not positive definite, or it is, and this 
term does not affect the inequality. The result now follows. □ 

5 - Constructing the Barrier. 

Let M, H, E; and E u be as in the preceeding section. Let E be a ' 1 LSC immersed 
hypersurface such that E; $C E ^ E u and whose interior is a viscosity solution of ^(E) = k. 
Since V := <9E; = <9E is smooth, E has a well defined outward pointing unit normal, N p , 
at p. 

Proposition 4.1 follows from the following result: 

Proposition 5.1 

if Ai, A n _i are the principal curvatures of r with respect to the normal, N p , at 
p, then: 

K oc (X 1 , A n _i) > k(p). 
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Proof: We assume the contrary. Thus K 00 (Xi, A n _i) = n(p). Define d p , dn and $o as 
in the previous section. For e > small, define U e by: 

U e = {q G M s.t. d p (q) < e,d H (q) < e 2 } . 

Let X be a field of unit vectors defined near p such that X(p) = N u (p). For q G M, let 
U q M be the unit sphere in T q M. Let D q be the distance in U q M and let C q now be the 
shortest geodesic in U q M joining X(q) to (|| V^> II — 1 V$o)(<?)- Near p, X(p) = N u (p), V$ 
and Vd/f are configured as in Figure 1 (observe, however, that C now only extends from 
H u to V$ )- 

However, by definition, N p equals V<E>o- Thus, by Proposition 3.9, there exists a continuous 
function 5 : [0, oof— > [0, oo[ such that 5(0) = and, for all q G E, if N g is a supporting 
normal to E at g, then: 

AjCV^) ^S(d p (q)). 
Thus, if, for all q G E, 7r g is a projection onto a supporting hyperplane of E at (/, then: 

(i) there exists c > such that, for all q sufficiently close to p: 

h q (Vd H )\\ >c. 

(ii) for all q sufficiently close to p: 

(7r g (V$ ),7r g (Vefo)) > S(d p (q)). 

Now consider g G E fl <9£/\ Let 7 : 7 — )■ E be an integral curve of 7r 9 (V<if/) such that 
7(0) G <9E and 7(1) = q (which is defined by approximating E by smooth hypersurfaces) . 
Bearing in mind that $ vanishes along <9E: 

d H (q) < e 2 

=>- Length(7) < e 2 c _1 

($o 7 )(l) ^-5(e)e 2 c- 1 . 

Thus: 

[*o(<z) + *(dff -/)](«,) ^-5(e)0(e 2 ), 

for all appropriate functions / and x. Since V is strictly convex and lies strictly inside H, 
we may choose / such that: 

(i) f(p), V/(p) = and the restriction of Hess(/)(p) to H is positive definite; and 

(ii) d H -f = 0(d s p ) along T. 

We define $ as in the previous section. Along <9E n U e = TC]U e : 

<S>(q)>Md 2 H -0(e A ). 
This is positive for sufficiently large M. Likewise, along dU e fl E: 

$(q) > Md 2 H -5(e)0(e 2 ). 
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There thus exists K\ > independant of e such that, if M = Ki5(e)e~ 2 : then $ ^ along 

Let A be the restriction of || V$|| _1 Hess($) to and suppose that A is positive definite 
(and so the level set of $ passing through this point is convex). Let Ai,...,A n be the 
eigenvalues of A. Let A' l7 X' n _ 1 be the eigenvalues of the restriction of A to fl Vdjj. 
By the Minimax Principal (see, for example, Lemma 10.2 of [25]), for 1 ^ i ^ (n — 1): 

A; ^ A^. 

Thus, by Proposition 4.6 and ellipticity of (Axiom (vii')(a)) : there exists K 2 > 0, also 
independant of e such that: 

ifoo(Ai, A n _i) < A;_ x ) < « + if 2 e 2 . 

However, A n < O(M). Thus, by Axiom (vii')(b) of K, there exists -K3 > 0, independant 
of e, such that: 

K(A) + (K 2 e 2 - KsM' 1 ) 

= K + e 2 (K 2 -K 1 K 3 5(e)- 1 ). 

Since 5(e) tends to as e tends to 0, there exists rj > such that, for e sufficiently small, 
throughout U e : 

K(A) < K - 77 < K. 

It follows that if S t = <E> _1 ({t}) for all £, then, at evrey point of E f fl t/ e where this 
hypersurface is convex: 

At p, V s $ = 0. Thus, reducing e further if necessary, we may deform $ slightly to $' 
such that <£' is non-negative along <9E fl {7 e , <E> is strictly negative over a non trivial subset 
of ErW e , and, if E£ = for all £, then, at every point of E' t n U e where this 

hypersurface is convex: 

K(Z' t nU e ) ^ « - 77/2 < «. 

Let p G E be the point where $ is minimised. Let to = 3>(p)- Since p lies in the interior of 
E, E is a viscosity solution of K(E) = ip at this point. However, E^ Q is an interior tangent 
to E at p, and so E£ o is convex near p, and: 

k(e; o n u e ) < «, 

which is absurd by the Geometric Maximum Principal, and the result follows. □ 

Proof of Proposition 4.1: Suppose the contrary. Let (E m ) m6N be a sequence of strictly 
convex immersed hypersurfaces in M which are graphs over E satisfying conditions (i) 
and (ii) of Proposition 4.1. Suppose, moreover, that, for all m, we may choose p m G Y 
such that if N m is the outward pointing unit normal to E m at p m , and if Ai >m , A n;m are 
the principal curvatures of V with respect to this normal at p m , then: 

(-^oo(Ai )m , A n)m )) m gN 
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By Proposition 3.8, we may suppose that (E m ) m6 N converges to a C 0,1 convex immersed 
hypersurface, Sq, which is a graph over O satisfying condition (i). Since the uniform limit 
of a sequence of viscosity solutions is also a viscosity solution, Eq also satisfies condition 
(ii) over its interior in the viscosity sense. Moreover, by compactness, we may suppose 
that there exists (po, No) towards which (p m , N m ) m6 N converges. Let N be the supporting 
normal to Eo at p. By Proposition 3.9, No lies on the shortest geodesic joining N u (po) to 
N . By concavity of K (Proposition 2.1, (ii)), and Proposition 5.1, there exists 5 > such 
that if (Ai, A n _i) are the principal curvatures of V at po with respect to the normal No, 
then: 

K 00 (X 1 , A n _i) ^ n(p) + 5. 

However, by continuity: 

K oc (X 1 , A n _i) = n{p). 
This is absurd and the result follows. □ 

6 - Second Order Estimates Along The Boundary. 

Let M := M n+1 be an (n + 1) -dimensional Riemannian manifold. Let K be an admissable 
convex curvature function which is regular at infinity. In this section we will obtain a- 
priori estimates along the boundary for the norm of the second fundamental forms of 
LSC immersed hypersurfaces of prescribed K-curvature. Explicitly, let k E C°°(M) be 
a smooth, strictly positive function. Let E; := (E;,<9E;) and E u = (E U ,<9E U ) be LSC 
immersed hypersurfaces such that: 

(i) T, u > E z ; and 

(ii) K(E U ) >K>K(Y>i). 

As in Section 4, we will denote by B the family of all quantities which depend continuously 
upon the data, being, in this case, M, K, k, E/, E u , the C 1 jet of E and the modulus of 
continuity, m, of E along the boundary (see Proposition 3.9). We prove: 

Proposition 6.1 

There exists B > in B such that if E := (E,<9E) is a smooth LSC immersed 
hypersurface in M such that: 

(i) E ; < E < E u ; and 

(ii) K(E) = noi; 

and if A is the shape operator of E, then, for all p e <9E: 

\\A(p)\\^B. 
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For p G E, let ei, e n be an orthonormal basis diagonalising -D-ftT^ and let /ii, p, n be 
its corresponding eigenvalues. We define the operator A K on functions over E by: 

n 
i=l 

where Hess E is the Hessian of the Levi-Civita covariant derivative of E. This section is 
based on the following result which gives a general construction of barrier functions in the 
non-linear setting, and will also be of use in the sequel: 

Lemma 6.2 

Let v? : M -» R be a smooth function such that: 

(i) \\V<p\\ = 1; and 

(ii) the level sets of <p are strictly convex with K-curvature greater than k. 
Then the restriction of <p to E satisfies: 

n 

A K if ^ — ||HeSS(y?)|| fli<P;i<P;j. 

i=l 

Proof: Choose q E E. We construct two orthonormal bases for T q M. Let L q be the level 
set of ip passing through q. Suppose first that Wip and N are not colinear at q. Then L q and 
E meet transversally at this point. Let f±, f n -i be an orthonormal basis of T q L q flT g E 
and complete this to an orthonormal basis /i, ...,f n of T g E. For 1 ^ i ^ n — 1, denote 
f[ = fa, and complete /{, f' n _i to an orthonormal basis /{, f' n+1 of T q M such that: 

(i) f' n is tangent to L q ; 

(ii) fh+i is normal to L q ; and 

(iii) makes an angle of at most n/2 with f n . 

Let 6> e]0, 7r/2] be the angle between f n and f' n . Then: 

/ n = cos(^)/;±sin(^)/; +1 . 

Let rriij and m'^ be the matrices of the restrictions of Hess(<i,H-) to T q N and T q L q respec- 
tively with respect to these bases. Since ||V<p|| = 1 and f' n+ \ = ±V<^: 

Hess(^)(/; +1 ,-)=0. 

Consequently: 



(rriij) 



(m'ij) cos(0)(m' in ) 
cos($)(m' ni ) cos 2 (6)m' nn 



26 



The Plateau Problem for General Curvature Functions 



and so: 





K) = cos(^)(my + (1 - cos(0)) ( ^ ^ ) - sin 2 (0) ( 
Consequently, since (m^) is positive definite: 



m'nn 



(m i:j ) ^ cos(0)(my) - sin 2 (#) ( Q 



m nn 



Let S JJ be the matrix of DKa with respect to /i, f n , then, since 5 lJ is positive definite: 

n n 

]T B'% y ^ cos(#) ^ -sin 2 (0)B nT W n n- 

However, by concavity of if, (Axiom (ui)): 

£• J=1 - ^) > K(m^) - K(^) 

Thus, by Proposition 2.3, (w): 

> «(p) 

E"j=i £ <J 'my > cos(6)k( P ) - sin 2 (6) B nn m' nn . 

However: 

Hess E (» = Hess(v?) - (Vy>, N)A 

A K v? > cos(0)«(p) - cos(6>) E?=i At»A< - sin 2 (6')S nn m; n 

= -sin 2 (0)B™m' nn . 

Finally, by definition, sin(0)/ n is the orthogonal projection onto TE of ±V<^, and so: 

n 

\m' nn B™s\n\e)\ < ||Hess(^)|| J> i¥W . 

i=l 

The case where V</? and N are colinear follows directly from the concavity of K, and this 
completes the proof. □ 

We may modify this result slightly in different ways. We define the operator D v over E 
by: 

n 

i=l 

Corollary 6.3 

Let ip be as in Lemma 6.2. There exists 5, C > in B((p) such that: 

n 

(A K + CD^ip >6J2 ^Hess(^),,. 
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Proof: In the proof of Lemma 6.2, for 5 > sufficiently small: 

n 

J2(l-t)B ij m/ ij >K(p). 

Thus: 

n n 

A K y> > 6 B^'Hess^y - (1 - 5)||Hess(^)|| 

i,j = l i=l 

The result now follows for C ^ (1 — <5)||Hess(y?)||. □ 
Corollary 6.4 

Let be as in Lemma 6.2. Suppose that </? ^ 6 > 0. There exists e,a,C in 
such that: 

n 
i=l 

Proof: In the proof of Lemma 6.2, for e±, a sufficiently small: 

n 

B^(l - ei )Hess( V? 1+a ) lJ > cos(6)k( P ) - sin 2 (^) J B^Hess(v ? 1+a )(/;, f' n ). 
Thus, reasoning as before: 

n n 

A V + ° > e 1 ^Hess(^ 1+a ) ll - ||Hess( V? 1+a ) || ^ 

i=l i=l 

However, there exists e > such that: 

n n 

ei f/iHess(<p 1+a )« ^ e 

i=l i=l 

Finally: 

n 

D<p(p 1+< * = (1 + tti<P;i<P;i- 

i=l 

Thus, for (1 + a)5 Q C ^ ||Hess(> 1+Q ) ||, the result follows. □ 

Here and in the sequel we will also require the following straightforward relations: 
Proposition 6.5 

(i) For all p: 

n 
i=l 

(ii) For all p, q\ 

a A - — —( D 2 KY^ mn A ■ ■ A 4- k 

H'i- rs -ii;pq y- 1 ^ - £V ) ■ rL ij\ r p- rL mri\q T n-;pq- 

i=l 
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Proof: This follows by differentiating the equation K(A) = k. □ 
Proposition 6.6 

Let / be the signed distance function to E and let v ■= (n + l) denote the outward 
pointing normal direction to E. 

(i) Along E, for all 1 ^ i, j ^ n\ 

f-ij = Aij, f-i u = f- u i = f. vv = 0, 

where A is the shape operator of E; and 

(ii) along E, for all 1 < k ^ n: 

f;ijk = (V A)ijk, f-vij = 

where V s is Levi-Civita covariant derivative of E. 
Proof: See the proof of Lemma 3.16 of [24]. □ 

Denote Y := dT, u = <9E;. Choose po G Y. The barrier function is constructed from three 
components. The first is constructed using vector fields as follows: let X be a vector field 
defined over a neighbourhood of p in M. Let / : M — > R be the signed distance function 
to E and define the function cpx by: 

<px = (X,Vf). 

Proposition 6.7 

The restriction of <f> x to E satisfies: 

n n 

A K ^ X = 0(1) + ^) - <Px 

i=l i=l 

where Ai > ... > A n and \i x < ... < \i n are the eigenvalues of A and DK A respectively, 
and 0(1) represents terms controlled by B, for some B e B(X,p ). 

Proof: Choose p G E and let ei, e n be an orthonormal basis of TE with respect to which 
A and -DFa are diagonalised. Let Ai ^ ... ^ A n and [i\ ^ ... ^ fi n be the corresponding 
eigenvalues of A and -DFa respectively and denote n = Ym=i A 4 *- We extend ei, e n to 
an orthonormal basis of M at p by defining e n+ i = N. In the sequel, v := (n + 1) denotes 
the outward pointing normal direction. 

Let ; denote covariant differentiation with respect to the Levi-Civita covariant derivative 
of M. Let R be the Riemann curvature tensor of M. By Propositions 6.5 and 6.6, for all 
1 < j ^ n: 

n n 

^2^if;jii = 5^A*i(/;«j + Rijvi) = K;j + 0(fl) = 0(1) + 0(fj). 

i=l i=l 
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Likewise, by Proposition 6.6: 

f;uij = 

Thus: 

n n 

^ Vif;vii = — ^2 t^i^i- 
i=l i=l 

By Proposition 2.3, (iv): 

n 
i=l 

In particular, for all i, ^ 1. Thus, recalling that ||V/|| = 1 and that f-ij = SijXi: 



£"=i /UjHess(v?x)ii = ElLi Vi( xj uf;j + 2xj if;ji + xj f;jn) 

= o(i)(i + / ,)-^£ILi/a| 

= o(i)(i + v)-<px ELiM?- 



Finally, recall that, for any function h: 



Hess E (/i) = Ress(h) - (N, Vh)A. 



Moreover: 

By Proposition 6.6, (i), the second term on the right hand side vanishes along E, and so, 
using Proposition 2.3, (iv) again: 



^(N,V V ?x)^A l = 0(l). 

i=i 

Thus: 

n n n 

A K v?x = ^^Hess E (^ x );« = 0(1)(1 + ^^) -^x^^Af. 

i=l i=l i=l 

This completes the proof. □ 

We remove the last term on the right hand side as follows: let UM be the unitary bundle 
over M. Observe first that, since E; and E u are both LSC, N£ ; (p) 7^ — Ns u (p). There 
therefore exists a unique geodesic in U P M joining Ne,(p) to — Ns u (j>). Let No be a vector 
lying on this geodesic, and denote by C(p) the unique shortest geodesic in U p M joining 
N to Ns„(p), and suppose that N^(p) lies on C(p). As in Section 3, for q near p, let 
T p,q be parallel transport from q to p along the shortest geodesic from q to p and let 
mo : [0, oof— > [0, oof be a continuous function such that: 

(i) S o (0) = 0; and 

(ii) D(C(p),T p , q liv(q)) < rn {d{p,q)) for all g G S. 
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Henceforth, denote N u := M^ u (p). Suppose first that N and N u make an angle of at 
least 7r/2 with each other at p. The case where Nq and N u make an acute angle at p 
is similar, though slightly simpler, and will be briefly discussed towards the end of this 
section. Choose So > small and let V be a vector field defined in a neighbourhood of p 
such that: 



Remark: Observe that, for S sufficiently small, V(p) also makes an angle of strictly less 
than tt/2 with N u . □ 

The entire construction is illustrated in Figure 2. Observe that, throughout much of the 
rest of this section, the data necessarily incorporates (V, N ,m ,5o)- The correct choice of 
(N , mo) will be made presently. 



Observe that, by Conditions (i) and (ii), there exists ro, eo > in B(po, V, N , mo, So) such 
that, throughout Y,(~)B ro (p), (p v ^ e . We thus define the first order operator V\ such 
that, for any function h: 



(i) V(p) e C(p); 

(ii) V(p) makes an angle of exactly n/2 — So with N at p; and 

(iii) (VV)(p) = 0. 




Figure 2 




We define the operator L\ by: 



d = A +Vl 
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Proposition 6.8 

Using the notation of Proposition 6.7, the restriction of vx^y 1 to EnP ro (p ) 
satisfies: 

n 

£ 1 ( ¥? x^ 1 ) = 0(l)(l + ^^), 

i=i 

where 0(1) represents terms controlled by B, for some B e B(p ,X,V,N Q ,m ,6o). 

Proof: We use the notation of the proof of Proposition 6.7. By the product rule and the 
chain rule: 

A K (i Px ip- 1 ) = Y% =1 ^(vv'Hess^x^ + 2(V s </?x) l (V s </v 1 ) l + v ? x Hess E (^ 1 ) l ,) 
= Yn=i m((p v 1 ~Ress T: (ipx)ii - 2(/?^ 2 (V s ^x)i(V E (/7y)i 
-<fix<fv Hess VPv)n + Z^x^v ( v Vv)i\S <fiv)i) 

= <Pv (& K( Px) ~^V 2 Er=l Vi{<Px);i{<Pv);i_ 

Thus, by Proposition 6.7, bearing in mind that \ipx\ ? \ L Pv\ ? I^y 1 ] = Oil): 
A^xvV 1 ) = 0{l){l + //) - 2^ ElLi tHLn(<Pvh(<Px);i 

-2yxEr=l^ Ln (^);i(¥'v 1 );i 
= 0(1)(1 + /i) - 2 ElLl l^i^( ( Pv);i{V } X(P V 1 );i 

= 0(l)(l + »)-V 1 ( l px<P v 1 ). 

This completes the proof. □ 

We now construct the second component of the barrier function. This will be a function 
whose restriction to E is non-negative but subharmonic. Let P C M be the geodesic 
hyperplane passing through p whose normal at p is equal to N . In other words: 

P = {Exp(X) s.t. X G T p M, and (X, N (p)) = 0} . 

Let be the shape operator of P fl E u . Thus, if X and F are vector fields in P fl E u and 
if N is a normal vector to P fl E u : 

A P (N)(X,Y) = -(V X Y,N). 

Proposition 6.9 

For 5 sufficiently small, at p\ 
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Proof: Suppose first that 5q = 0. Let A u be the shape operator of E u at po- Since P is 
totally geodesic at po, elementary linear algebra yields, at po: 

= {V,N u (p)) A M\TPnZ u 

> A u (p)\ T pnv u - 

Thus: 

TPn E u ) 

> K{A u (p)) 

> k(p). 

Since this relation is preserved by small perturbations of 5q, the result follows. □ 

Choose 8\ > 0. Bearing in mind Proposition 6.9, we define a strictly concave embedded 
hyper surface H in a neighbourhood of p such that: 

(i) H passes through p; 

(ii) the outward pointing normal to H at p is — V(p); and 
if Ah is the shape operator of H at p, then: 

(iii) bearing in mind that Ah is negative definite: 



A-v(p) = Slid — Ah\tp v n £„; and 



(iv)K(A H )(p)>K(p). 



Let dn be the signed distance to H in M. We first show subharmonicity of dn- Non- 
negativity will be proven later, as it depends on an appropriate choice of (No, mo). For 
C > 0, define the first order operator V 2 such that, for all h: 



V 2 h = -Cy]fiid H ;ih; 

We now define £2 by: 



i=i 



£2 = A K + V X +V 2 . 



Proposition 6.10 

Using the notation of Proposition 6.8, there exists C e B(po,X,V,N ,m ,5o,H) 
such that, after reducing r if necessary, throughout SnB ro (p ): 

C 2 d H < 0. 
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Proof: For 5 a > sufficiently small, bearing in mind that — dn is convex, by Corollary 
6.3, for sufficiently large C: 



(A K + V 2 )d H ^$aJ2 ^Hess(d H )i 



i=i 



Since Vdjj is never tangent to E, there exists 5b > such that: 

Hess (df/)™ |ts < -5 b ld. 

Thus, denoting 5 C = 5 a 5t,: 

n 
i=l 

It remains to consider the contribution from T>\. As in the proof of Proposition 6.7: 

(<Pv)-,i = V k -,J k + V k f. kl = V ;i + \ t V\ 
By Property (in) of V, after reducing ro if necessary, we may assume that: 



2^2^ v 1 V v . i d H ;, 



i=l 



, Sc 
< — IX. 



Moreover, since (Vdn + V)(p) = at p, after reducing ro further if necessary, we may 
assume that: 

11*7,7 i T/ll ^ ^ V 5c ^ 

Consequently, bearing in mind Proposition 2.3, (iv): 
^v 1 E?=i »i>«V i d H . i = -2VV 1 Er=i 

+2^ 1 Er=i^ A ^fe+n 



Combining these relations yields: 



and this completes the proof. □ 



C 2 d H ^ 0, 



We now verify that the addition of the term V 2 does not affect the conclusion of Proposition 
6.8. Indeed: 

Proposition 6.11 

Using the notation of Proposition 6.8, for all C > 0, the restriction of (ipx^y 1 ) to 
T,nB ro (p ) satisfies: 

n 

V 2 (^y 1 )=0(l)(l + J2^)- 

i=l 
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Proof: For any vector field, Y: 

4>Y;i = Y V -i + Yi\i. 

The result now follows by Proposition 2.3, (iv). □ 
Corollary 6.12 

Using the notation of Proposition 6.8, for all C > 0, the restriction of (^x^ 1 ) to 

T,r\B ro (p ) satisfies: 

n 

i=l 

The third component of the barrier function is simply the squared distance to p. Let do 
denote the distance to p in M: 

Proposition 6.13 

There exists e 1 > in B(p , V, N , m , 5 , H) such that, after reducing r if necessary, 
throughout EnB ni (p ): 

n 

C 2 d 2 Q ^ei(l + ^/Xi). 

i=l 

Proof: We continue to use the notation of the proof of Proposition 6.7. Since fx ^ 1, by 
Proposition 2.3, (iv): 

A K (d l ) ^ 4ei(l + //) - 2rfp(rf P , N)k. 
After reducing r if necessary, we may assume that, throughout B ro (po): 

2d (d , N)k < e, 

and so, throughout S ro (po) : 

A K (^) >3e(l + ^). 
As in the proof of Proposition 6.10, reducing ro further if necessary: 



Ad ^2 fUiipy 1 ^ .id . q 



Moreover, for all z, by Proposition 2.3, (iu), bearing in mind that fa, Aj ^ 0: 

|4^ViAi^d ;i| =0(1). 

Thus, by reducing r even further if necessary: 

\4docpy 1 fj,i\iV l do ; i\ < ei. 
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Combining these relations yields: 

|Z>id§| ^ ei(l + At). 
In like manner, after reducing ro if necessary: 

\V 2 dl\ ^ ei(l + At). 

Thus: 

and this completes the proof. □ 

We have now obtained all the estimates we require on each of the components to construct 
the barrier functions used to prove Proposition 6.1 in the case where N u (p) makes an angle 
of at least ir/2 with N (p) at p. When the angle between N u (p) and N (p) is less than 
7r/2, we merely choose V(p) = N u (j>), and the reader may verify that the conclusions of 
Corollary 6.12 and Propositions 6.10 and 6.13 continue to hold. We now prove Proposition 
6.1: 

Proof of Proposition 6.1: We assume the contrary and obtain a contradiction. Let 
(S n ) n6 N = (^n,5n)neN be a sequence of smooth, LSC, immersed hypersurfaces and let 
(i?n)neN ^ d'Eu = dTii be a sequence of points such that, for all n: 

(i) T, u > E n > E ; ; 

(ii) K(Y, n ) = noi n ; 

and, if A n is the shape operator of E, then: 

||^n(Pn)||n€N ^ +°0- 

By Lemma 3.8, we may suppose that there exists a C 0,1 LSC immersed hypersurface E 
towards which (E n ) n6 ^ converges uniformly. Likewise, we may assume that there exists 
Po G <9Eo towards which (p n ) n ^ converges. For simplicity, assume that p n — po for all n. 

Recall that, since F := dYi u = 9Eq is smooth, the outward pointing normal to Eq at po is 
well defined. Provisionally, let No be this outward pointing normal. 

Choose 8\ > and define the geodesic hyperplane, P and the smooth, embedded hyper- 
surface, H, as outlined previously. Let h : H — > R be a smooth function such that: 

(i) h(po) = 0; 

(ii) dh(po) = 0; and 

(iii) Hess(/i)(p ) < ^ild. 

We claim that, for So sufficiently small, after reducing ro is necessary, the connected com- 
ponent of E (~]B ro (po) containing p lies above the graph of h over H. Indeed, denote this 
connected component by S , Po . For ro sufficiently small, E , Po lies inside E u . Moreover, 
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by convexity, and by definition of P, for ro sufficiently small, So, Po nes below P (i.e. on 
the other side of the hypersurface P from the vector V). Thus, if we denote by P' the con- 
nected component of P\(Pn E u ) contained inside E u and if (after extending E u smoothly 
beyond V := <9E U ) we denote by T>' u the connected component of S u \(Pn S u ) lying below 
P, then E lies in the region bounded by P'UEJ,. It thus suffices to prove that both P' 
and Tj' u lie above the graph of / over H. 

Suppose now that 5 = 0. By hypothesis, P fl E u lies strictly above the graph of h over H. 
Since this property is preserved by small perturbations, it remains true for small positive 
values of 5 . Since E and P are both transverse to H at p, the assertion now follows. 

We see, moreover, that this continues to hold for small perturbations of N , and so, per- 
turbing No slightly towards Ns ( (and thus increasing C(p) slightly), for all n sufficiently 
large, dn is non-negative over 9(S n nB r (p)). In addition by Proposition 3.9, there exists 
a continuous function mo : [0, oof— > [0, oof such that mo(0) = 0, and, for all sufficiently 
large n and for all q G E n : 

D(C(p),T p , q Hv n (q)) ^m (d(q,p)). 

Choose n large and denote E := E n and (p = px^y 1 - By Proposition 6.13, there exists 
A_ > such that, throughout B ro (p ) fl E: 

C 2 ((f- A-dl) < 0. 

By construction, there exists 5 a > such that du ^ 8 a dp along Ti = 9EflP r (p) and 
dH ^ 8 a along T 2 := Efl9P ro (po)- Bearing in mind Proposition 6.10, there therefore 
exists B- > such that: 

(i) C 2 ((p + B-d H - A-dl) < throughout B ro (p ) n E; and 

(ii) ip ^ A_d 2 P - B_d H along d(B ro (p ) fl E). 

It thus follows by the maximum principal that, throughout B ro (po) fl E: 

p ^ A_<io - B_d H . 

Likewise, reducing ro further if necessary, there exists A + and B + such that, throughout 
P ro (p )nE: 

^ B + dn — A + d^. 

We thus obtain a-priori bounds on V s (p at P. Let / be the signed distance function to E. 
For all y, since V'x(po) = 0: 

Hess(/)(X,y) = (V^Y)p v (p ) - (V y X, N). 

Thus, since X is arbitrary, we obtain a-priori bounds on Hess(/)(X, Y) for all pairs of 
vectors X,Y G TpE where at least one of X or Y is tangent to <9E. Since the second 
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fundamental form of S is the restriction to TE of the hessian of /, and, recalling that 
E = E n , we deduce that there exists B such that: 

\\A n (X,Y)\\(p n ) ^ B\\X\\\\Y\\, 

for all n and for all such pairs of vectors. However, by hypotheses, ||A n (po)|| — > +00, and 
it follows that ||^4 n (X n , X n )\\ — > +00 where, for all n, X n is the unit vector normal to <9E 
in TE. 

However, we may assume that (X n ) n ^ converges to Xq, say, which is normal to V at po- 
Let A^ ^ ... ^ X' n _ 1 be the eigenvalues of Ar(X ). For all m, let Ai ;m ^ ... ^ X n ,m be the 
eigenvalues of A n . By definition, (X n ,m)me^ ~ +00. By Lemma 1.2 of [4] and the bounds 
already obtained, for all 1 < i ^ n — 1: 

(Ai, m ) me N K- 

Suppose first that K satisfies Axiom (vii 1 ). By concavity, K(xi, x n -i, t) converges to 
^00 ■■■■> x n-i) locally uniformly in (x\, ...,x n -\) as t — > +00. Thus, by Proposition 4.1: 
Lim m ^. +00 K(Ai jm , A n>m ) = K ca (X' 1 , \' n _i) 

^ k(po) + 5 

> K(po), 

which is absurd. Suppose now that K satisfies Axiom (vii), then, in the same manner, we 
obtain: 

Lim K(\ l Tn , X n m ) = +00 > «(p), 

m— S-+oo 

which is likewise absurd. There thus exists B 2 > such that, for all n: 

\\A n (Pn)\\ < B 2 , 

which is absurd, and this completes the proof. □ 

7 - Second Order Bounds Over the Interior. 

Let M := M n+1 be a Hadamard manifold of sectional curvature bounded above by —1. Let 
K be an admissable convex curvature function. In this section, we obtain a-priori bounds 
for the norms of the second fundamental forms of locally convex immersed hypersurfaces 
of prescribed K- curvature. Explicitely, let k E C°°(M) be a smooth, strictly positive 
function. Let E = (E n ,<9E n ) be a smooth LSC immersed hypersurface in M such that: 

K(E) = k. 

As in Section 6, let B denote the family of all quantities which depend continuously upon 
the data, being, in this case, M, K, k, and the C 1 jet of E. Likewise, for any quantity, X , 
we define B(X) as before. We obtain the following complementary results: 

Proposition 7.1 

Suppose that < k < 1 and that the sectional curvature of M is bounded above 
by -1. Then there exists B > in B such that if A is the shape operator of E, 
then, for all p eT,: 

\\A(p)\\ ^ Max(B, Sup \\A(q)\\). 

qedn 



38 



The Plateau Problem for General Curvature Functions 
Proposition 7.2 

Choose po e M and R > 0. There exists B > in B(p,R) such that if: 

(i) ECB fl ( p ); and 

(ii) k < jiHoc(K), 

and if A is the shape operator of E, then, for all peS: 

||A(p)|KMax(S, Sup 

Let N and A be the unit exterior normal vector field and the shape operator of E respec- 
tively. In the sequel, we raise and lower indices with respect to A. Thus: 

A*A jk = 8\, 

where 5 is the Kronecker delta function. We recall the commutation rules of covariant 
differentiation in a Riemannian manifold: 

Lemma 7.3 

Let i? E and R M be the Riemann curvature tensors of E and M respectively. Then: 

(i) For all k: 

A A I 

where v represents the direction normal to E; and 

(ii) For all i,j,k,l: 

Aij-ki = Aij-ik + R^ii A P j + R^j A pi . 

Proof: See Lemma 6.3 of [22]. □ 
Corollary 7.4 
For all k and /: 

A — A _i_ P M _l P M _i_ P E P A _u P E P A 
Siij;kl — ^kl;ij "T ri k j vi l -\- IXn^.j i" fijlk A pi ' ^jli ^pk- 

Proof: See Corollary 6.4 of [22]. □ 

Choose p G E. Let Ai, A n be the eigenvalues of A at p. Choose an orthonormal basis, 
(ei,...,e n ) of T p E with respect to which A is diagonal such that a := Ai = An is the 
highest eigenvalue of A at p. We extend this to a frame in a neighbourhood of p by parallel 
transport along geodesies. We likewise extend a to a function defined in a neighbourhood 
of p by: 

a = A(e\, ei). 

Viewing Ai also as a function defined near p, Ai ^ a and Ai = a at p, we recall: 
Proposition 7.5 
For all i, at p: 
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Proof: See Proposition 6.5 of [22]. □ 

Let Hi < ... < n n be the eigenvalues of DKa at p. We define the Laplacian A such that, 
for all functions /: 

n 
i=l 

For ip G C°°(M), define the first order operator such that, for all functions, /: 

n 

i=i 

Define I, J C {1, n} by: 

/ = {1 < i ^ n s.t. ^ < 4^1} , J = {1 < i ^ n s.t. /Uj > 4//i} . 

Proposition 7.6 

For all C ^ 0, there exists K > in #(V>,C) such that, if a > 1, then: 

(A + CZ^)Log(a)(P) > -K(l + E^)-gE 

i=l 16/ 1 

Proof: In this proof, we denote by ; covariant differentiation with respect to the Levi- 
Civita covariant derivative of S. By Proposition 7.5 and Corollary 7.4: 

— A _l_ R M _l_ R M _l_ R s p A _i_ R s p 4 

However, at p, by Proposition 6.5, (u): 

n 

V = — — (D 2 K) ij,rnn A i j.iA rnn .i + — 

r - : Ai Ai Ai 

Thus, at p, bearing in mind Proposition 6.5: 

ALog(a) = £/c ;11 - £(D 2 JiO y ' m My ;1 A mn;1 - Zti ff 

1 Mi / dM 1 pM \ 1 ST^ n Mi f pE P 4 1 dE P j \ 

"T Z^i=l "T n ilui;l) "I" 2^i,j = l A^l-^lii ^pl -"-lil ^pij- 

We consider each contribution seperately. Since, for all a, 6 G K and for all 77 > 0, (a + 6) 2 ^ 
(1 + r?)a 2 + (1 + r/ _1 )6 2 , by Lemma 7.3, (i), for all i G J: 

^i = ^l+Cl) 2 <^l;l + 0(l). 
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Thus, by Proposition 2.3, (vi), bearing in mind the definition of J and the fact that Ai ^ 1: 

> O(p). 

Thus: 

1 ieJ 1 ieJ 1 

For all f , X and F: 

V s ^(y; X) = V M ^(y; X) - A(X, Y)£(N); and 
X£(N) = V M £(N;X) + £(AX). 

Thus: 

= (V -R + Aj(l - + Aji? aa , 

R>avi;i = (V M -R M )ii^ ; i - Ai(l - 8n)R™ vi - XiR^n- 
Bearing in mind that Ai ^ 1, by Proposition 2.3, (if), there exists K 3 , which only depends 
on M such that, if we denote fx = Yl7=i A 4 *' then: 

n 

Er«l; I + C,;l))-^(l + 4 
1=1 

Moreover: 

-^Hi ^pi + -^Fa = -^ifa(^i ~~ ^i) + AiAi(Ai — Ai). 

Bearing in mind that Ai ^ 1 and that Ai ^ Aj for all i, there exists K2, which only depends 
on M such that: 

n 

E r + a£i%i) ^ -^2(1 + /*)• 

Finally: 

« ; ii = Hess E (»(ei,ei) 

= Hess M (K)(ei,ei) - (V/c, N)A n 
= Hess M (K)(ei, d) - Aid«(N) 

Bearing in mind that Ai ^ 1, there thus exists K3, which only depends on M and k such 
that: 

— K;H ^ -K 3 . 

Combining these relations, there exists -KT4 such that: 

ALog(a) > K 4 (l + + ^ E 

i€7 1 ieJ 1 
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Finally, bearing in mind that Ai = a ^ 1: 

CV^Log(a) = C ELi ^Mi-i^-i 

The result now follows by combining the above relations. □ 

We recall that a function / is said to satisfy Af ^ g in the weak sense if and only if, for 
all FgE, there exists a smooth function <p, defined near P such that: 

(i) / ^ ip near P; 

(ii) / = if at P; and 

(iii) A(p ^ g at P. 
Corollary 7.7 

With the same if as in Proposition 7.6, if A x ^ 1, then: 

n q 

(ALog + CV u )(Xi) > -K(l + I»-g£ 
in the weak sense. 

Proof: Near P G S, Ai ) o and Ai = a at P. Since P G E is arbitrary, and since a is 
smooth at P, the result follows. □ 

Choose po E M and define 5 by: 

5 = d(x,p ). 

Proposition 7.8 

If the sectional curvature of M is bounded above by -1, then there exists e, C > 
and a e]0, l[ in #(p ) such that, over E and away from p \ 

n 

Proof: Trivially, ||V<5|| = 1. Moreover, since the level sets of 5 are geodesic spheres and 
since M is a Hadamard manifold, they are strictly convex. Finally, since the sectional 
curvature of M is bounded above by —1, by Axiom (iii) and (v), the level sets have 
if -curvature greater than 1. Thus, by Corollary 6.4, there exists e, a > in B such that: 

n 

AS 1+a > e (l + fi)- ||Hess(5) || ^ ^5,^. 

i=i 
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Thus, for sufficiently large C: 

(A + CV 5 )5 1+a > e(l + n). 

This completes the proof. □ 
Corollary 7.9 

For A > 0, define $ A = Log(a) + X8. If the sectional curvature of M is bounded 
above by -1, then, there exists A > and o in B(p ) such that, modulo terms 
which vanish when V$a vanishes: 

Ax =}► (A + CV s )$ x >0, 

in the weak sense. 

Proof: By Corollary 7.7 and Proposition 7.8, there exists A > 0: 

(A + CV 5 )(Log(a) +\5)>l- 9 -J2 ^ A ki- 

iei 1 

By Proposition 2.3, (iv), f^iXi ^ k, and so \i\ = 0(X^[ 1 ). Thus, for all i & I, fa = 0(X^[ 1 ). 
However, modulo terms that vanish when V$a vanishes, for all k: 

T-^4ll;fe = -X5-k- 
M 



Thus, modulo terms that vanish when V$a vanishes: 

A 1 

iei 1 iei 



There thus exists c ^ such that, if Ai > c, then, modulo terms that vanish when V<E>a 
vanishes: 

iei 1 

The result now follows. □ 
Alternatively, let R > be such that: 

« < ■^//oo(-K')- 

Proposition 7.10 

Suppose that E M c B R (p ). Then, there exists c, e > in £(p ) such that: 



Ai > c =>• A s 5 ^ e(l + 



i=l 
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Proof: Since M has non-positive curvature, bearing in mind Proposition 2.3: 

Hess M (±5 2 ) ^Id 
Hess E (/racl25 2 ) > Id - d(x, x )(N, Vrf)A 
=4> Afracl25 2 ^ J27=i ~ Kd ( x i x o)- 

Thus, by definition of R, there exists ci, ei > such that, for Ai ^ c\\ 

1 

A-5 2 > ei ^^. 

i=i 

By Proposition 2.3, (v), there exists e 2 ^ such that, for Ai ^ ci: 

1 

A-5 2 >e 2 (l + 

This completes the proof. □ 

In a similar manner, we therefore obtain: 

Corollary 7.11 

For A > 0, define $ A = Log(a) + \5 2 . Suppose that E c B R (p ). Then there 
exists A > and c > in B(po) such that, modulo terms which vanish when V$a 
vanishes: 

Ai > c =>• A$ A > 0, 

in the weak sense. 

Proof: This is proven in a similar manner to Corollary 7.9. □ 
Interior bounds now follow by the maximum principal: 

Proof of Proposition 6.1: Consider the function ||A||e A<5 = Xie xs . If this function 
achieves its maximum along <9£, then the result follows since e xs is uniformly bounded 
above and below. Otherwise, it acheives its maximum in the interior of E, in which case, 
by Corollary 7.9 and the Maximum Principal, at this point: 

\\A\\ =Ai <c. 

The result follows. □ 

Proof of Proposition 7.2: Consider the function ||A||e^ A52 and proceed as in the proof 
of Proposition 6.1 with Corollary 7.11 used in place of Corollary 7.9. □ 



44 



The Plateau Problem for General Curvature Functions 

8 - Regularity of Limit Hypersurfaces. 

Let M := M n+1 be an (n + 1) -dimensional Riemannian manifold. Let K be an admissable 
convex curvature function. In this section, we obtain a priori estimates for the norms of 
the second fundamental forms of locally convex hypersurfaces of prescribed -ftT-curvature 
near points where they are strictly convex. This allows us to prove smoothness and smooth 
convergence of limits of sequences of hypersurfaces of prescribed -ftT-curvature near every 
point where the limit is strictly convex. Explicitly, let (K n ) ne ^,K G C°°(M) be smooth, 
strictly positive functions over M such that (ft n )neN converges to k in the C^ c sense over 
M. Let (E n ) n6N = (z n , SVJneN be a sequence of smooth, LSC immersed hypersurfaces in 
M such that, for all n, E n has prescribed K-curvature equal to K n . In other words, for all 
n: 

K{i n ) = K n o i n . 

Suppose that there exists a C ' 1 locally convex hypersurface E towards which (E n ) n6N 
converges locally uniformly. For all n G N, let N n and A m be the unit normal vector 
field and the second fundamental form respectively of E n . Choose po G E , and let 
(Pn)neN G (E n ) n6 N be a sequence converging to po- For all r > and for all n G NU{0}, 
let .B m , r be the ball of radius r (with respect to the intrinsic metric) about p m in E m . 

We will say that Eo is functionally strictly convex at po if and only for all e > 
sufficiently small, there exists a smooth function / : B e (p ) — > H. such that: 

(i) / is strictly convex; 

(ii) f(p ) > 0; and 

(iii) the connected component of / _1 ([0, oo[) flE containing p is compact. 

Observe that if M is affine flat (in particular, if M = H n+1 ), then E is functionally strictly 
convex whenever it is strictly convex. 

Proposition 8.1 

If E is functionally strictly convex at p , then there exists r > such that 
(B nir ,i n ,p n ) n6N converges to (B 0jr ,i ,p ) in the C°° sense. In particular, (B 0jr ,i ) is 
a smooth, locally convex immersed hypersurface of prescribed K-curvature equal 

tO Kq. 

Proof: As in Section 4, we denote by B the family of constants which depend continuously 
on the data, being in this case M, K, k (E ,po) an d the C 1 jets of (E m ,p m ) m6 N, and for 
any quantity, X , we denote by 0(X) any term which is bounded in magnitude by K \ X\ 
for some K in B. By hypothesis, we may assume that there exists e > and, for all 
n G NU{0} a smooth function f n : B e {p n ) — > R such that: 

(i) (/ n )n6N converges to fo in the C°° sense; 

(ii) for all n, Hess(/ n ) ^ eld; 

(iii) for all n, f n (Pn) = 2/i; and 
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(iv) for all n, the connected component of p n in E n fl / _1 ([0, oof) is compact: we denote 
this connected component by S n - 

We may assume that, for all n, f n ^ 1 over E n)0 . Moreover, without loss of generality, we 
may asume that, for all n, K n > e, and that there exists a smooth unit length vector field 
X defined in a neighbourhood of po such that, for all n, throughout E nj o, (X, N n ) ^ 2e. 
We now follow the approach of Sheng, Urbas and Wang, [21], which itself is a development 
of the work, [18], of Pogorelov (see also [22]). 

Choose a ^ 1. For all m, we define the function $ m by: 

$ m = Log(P m ||) - Log((X, N n > - e) + «Log(/ m ), 

where ||A m || is the operator norm of A m , which is equal to its highest eigenvalue. We aim 
to obtain a priori upper bounds for $ m for some a. We trivially obtain a priori bounds 
whenever ||A m || < 1, and we thus consider the region where ||A m || ^ 1. Choose n G N and 
p G S m ,o- Let Ai ^ ... ^ A n be the eigenvalues of A m at P. In particular, Ai = ||A m ||. Let 
ei, ...,e n be the corresponding orthonormal basis of eigenvectors. In the sequel, we will 
suppress m. 

Let the subscript ; denote covariant differentiation with respect to the Levi-Civita covariant 
derivative of E. Thus, for example: 

A ir,k = (V* k A)(ei,ej). 

By Proposition 2.3, (ii), we may assume that DKa is diagonal with respect to e±, ...,e n . 
Let Hi ^ ... ^ (i n be the eigenvalues of DKa at p. We consider the Laplacian, A, defined 
on functions over E by: 

n 

Af = J DK A (Hess E (/)) = J>i/ ; «. 

i=l 

We aim to use the Maximum Principal in conjunction with A. Thus, in the sequel, we will 
only be interested in the orders of magnitude of potentially negative terms. 

We consider the three terms in $ seperately. Choose 5 G]0, l/4[ such that 5 < e 2 . By 
Proposition 2.3, (iv): 

n 

= k ^ e. 

i=l 

Thus, as in the proof of Proposition 7.6: 

ALog(Ai) = - -^■(D 2 K) ij ' rnn Aij- 1 A rnn - 1 - E^i %A 11;i A 11;i 

£ —j^(D 2 K) ij ' mn Aij. 1 A rnn - 1 - ^(1 + 5) ELi M?i ; i 
+eAi-Er=i^A 2 + 0(l) + 0(^). 
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Next, let d be the signed distance in M to E. Thus, along E, V<i = N. Then: 
Hess M ((X, Vd)) pq = X l , pq d, t + X l , p d, iq + X l , q d, ip + X l d, ipq . 

However: 

r ] -A -A , DM m i 

U-jipq — u \piq — u \pqi T -ft i qp U-;m- 

By Proposition 6.6, Proposition 6.5, {%) and Lemma 7.3, along E, for 1 < j ' ^ n: 



Y2i=l f^id-jii — S|=l fliid-iij + Rijvi) 
= £j = l fJ<i(A ; iij + Rijvi) 
= K-j + O(p) 

= 0(l) + 0(/x). 
Likewise, by Proposition 6.6 and Lemma 7.3: 

n n n 

i=l i=l i=l 

Thus, bearing in mind Proposition 2.3, (if): 

n n 

^Hess M ((X, N))« = -(X, N) £ ^A- + 0(1) + 0(jt). 

i=i i=i 

Finally: 

Hess E ((X, N)) = Hess M ((X, N)) - (V(X, N), N)A 
However, by Proposition 6.6, (i): 

(V(X, N), N) = X";, + = X v , v = 0(1). 

Thus, by Proposition 2.3, (if): 

n 

A(X, N) = -(X, N) + 0(1) + 

i=i 

In like manner: 

(V,(X, N)) 2 = 0(1) + 0(1)A, + (X*) 2 A 2 . 
Consequently, by Proposition 2.3, (w), and bearing in mind that 2e < {X, N) < 1: 

-ALog«X, N) - e) = Er=i + ((X;N 1 ) _ e) . £?=!(**) + 0(1) + 0(/x) 

> sr=i + (p^p £r=i(**)Vi\ ? + o(i) + oo*). 

Finally: 

n 1 n / 2 ck/ n 
AaLog(/) = ^^a-Hess M (/) ii - ^a^-^ pJ^A^i- 

i=i i=i i=i 
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Thus, by Proposition 2.3, (iv), and uniform convexity of /, and bearing in mind that 

AaLog(/) >aefi-J2 a/^i/fi/" 2 + 0{af~ X )- 
Combining these terms, we obtain: 

AQ>A 1 + B 1 + C U 

where: 

Ai = eXt + Oiaf' 1 ) 

B 1 = ae/, + 0(1) + OifjL) + {{ £+f_\ y2 Er = i(^) ViAg 

Ci = —j^(D 2 K) i: >'' rnn A i j. 1 A rnn .i - ^ ElLi M?i ; i - EW 2 r 2 - 

The potentially bad terms are contained in term Ci. We now aim to eliminate them. 
Define 7, J C {1, n} by: 

7 = {i s.t. /itj ^ 4(Ui} , J = {i s.t. > 4(Ui} . 

Bearing in mind Lemma 7.3, (i), differentiating $ yields: 

~~ (<X,N)-e) X )i + jf;i- 

Thus, bearing in mind that Ai is 1, modulo terms that vanish when V$ vanishes, for all 
rj > 0: 

We choose 77 > such that: 

(1 + 5X1 + 7?) <(l + e 2 ). 

Since jiiiAi ^ k, and since, for all % G 7, /_tj ^ 4/ii, for all z e 7, bearing in mind that 
Ai > 1: 

/Jl = o(Ar 1 ) = o(i). 



Thus: 
where: 



A$ ^ A 2 + B 2 + C 2 , 



A 2 = e A 1 + 0(a/- 1 ) + 0(a 2 /" 2 ) 

S 2 = ae^ + 0(1) + O(p) + (( ^+ £ ! ) £)2 E l6J (^ l ) 2 ^A 2 

c 2 = -±(D*Kyr^ AirAAmn]1 _ ^E, eJ ^4 2 i;i - Eicj^ifir 2 - 

Likewise, bearing in mind that Ai ^ 1, modulo terms which vanish when V$ vanishes: 

^<^ + Q ((X,N)-^ ™ + '> 
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Thus, for a > 45" 1 ^ 4: 

A$^A 3 + B 3 + C 3 , 

where: 

A 3 =e\ 1 +0(a- 1 ) + 0(af- 1 ) + 0(a 2 f- 2 ) 
B 3 = ae/j + 0(l) + 0{n) 

C 3 = -^(D 2 Kyr^n Air iAmn;i _ ii+25) ^ 
By Proposition 2.3, (vi): 

However, for j G J, /Uj ^ 4/xi, and so: 

2(//j - //i) _ (l + 2g^j (1 - 2%jAi - 2//iAi 
Ai(Ai - Xj) XI " Af (Ai - Xj) 

Thus: 

By Proposition 2.3, (u), we may assume that \i ^ e, and thus, for sufficiently large a, 
B 3 > 0, and so: 

A$ ^eA 1 +0(l)+0(/- 1 )+0(/" 2 ) 

= (/ 2a Ai) _1 (e(/ a Ai) 2 + 0(/« Ai) + 0(1)). 

There therefore exists K\ > in B such that, if (/ a ||A||) ^ X, then the right hand side 
is positive. However, for all m G N, <E> m = — oo along <9E mj o- There thus exists a point 
P G S m o where $ m is maximised. By the Maximum Principal, at this point, either 
||A|| ^ 1 or / a ||^.|| ^ Ki- Taking exponentials, there therefore exists K 2 > in B such 
that, for all m G N, throughout E mi0 : 

Since (X 7 N) — e ^ 1, this yields a-priori bounds for ||A m || over the intersection of £ mj o 
with f m ^ h. Using, for example, an adaptation of the proof of Theorem 1.2 of [23] in 
conjunction with the Bernstein Theorem [6], [14] & [18] of Calabi, Jorgens, Pogorelov, we 
obtain a-priori C k bounds for E m over the region f m ^ 3h for all k. The result now 
follows by the Arzela-Ascoli Theorem. □ 

9 - Existence. 

We now prove the main results of this paper. 

Proof of Theorem 1.1: Suppose that there exists no smooth, LSC immersed hypersur- 
face, E, distinct from (E/,<9£/), satisfying Conditions (i), (ii) and (a). We extend kq to 
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a smooth family of strictly positive functions, (Kt)te[o 1] such that K\ = k, and, for all 
te]0,l}: 

(i) K(E U ) > K t ; and 

(ii) < K t . 

Consider the family, J 7 , of smooth, LSC, immersed hypersurfaces E := (E, <9E) such that: 

E u > E > E,. 

We give T the topology of C°° convergence. For e > 0, define ICJx [e, 1] to be the set 
of all pairs (E,£) such that E; < E < E u and: 

K(E) = n t . 

Note that we cannot take e = since E; does not strictly bound itself. We claim that X 
is compact. Indeed, let (E n ,t n ) n6 N be a sequence in X. We may suppose that (t n )neN 
converges to t^. Proposition 3.8 provides uniform C 0,1 bounds for (E n ) n6 N; Proposition 
6.1 then provides uniform C 2 bounds for (E n ) n6 ^ along the boundary; Proposition 7.1 then 
provides global uniform C 2 bounds for (E n ) n6 N; global C 2 ' a bounds for (E n ) n6 ^ follow 
from Theorem 1 of [3] and global C k bounds for all k follow from the Schauder Estimates 
(c.f. [29]). It follows by the Arzela-Ascoli Theorem that there exists a smooth, LSC 
immersed hypersurface Eoo towards which (E n ) n6N converges in the C°° sense. Trivially: 

^(Eoo) = K too . 

Bearing in mind that J 7 is not closed, it remains to show that E^ e J 7 . Trivially: 

E u #S Sqo E;. 

We claim that E^ is nowhere tangent to E u . Indeed, suppose the contrary, then, by the 
Geometric Maximum Principal, at the point of tangency: 

K(X U ) ^ ^(Eoo) =Kt < K(Z U ), 

which is absurd, and the assertion follows. Likewise, E^ is nowhere tangent to Ej, and so: 

E u > Eqo > E/. 

We conclude that E^ e T and X is thus compact. 

Let DK be the linearisation of the X-curvature operator. Consider (E, <9E) = (i, (S, dS)) G 
J 7 and let N be the outward pointing unit vector field over E. or all t, we define the operator, 
Ct, on functions over S by: 

Ctf :=C K J = DKf-{VK U M)f, 
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By hypothesis, Co is invertible. We claim that, for all e > sufficiently small, there exists 
at most one hypersurface E e G J 7 such that (E e ,e) G X. Indeed, by hypothesis, E; is the 
unique LSC immersed hypersurface lying between Ej and Y* u such that: 

Thus, if there exist two solutions for a sequence (e n ) ne ^ converging to 0, then, by com- 
pactness again, both these sequences of solutions converge to E . However, since C is 
invertible, it follows by the Implicit Function Theorem for Banach spaces that these two 
sequences of immersed hypersurfaces coincide for sufficiently large n, which is absurd, and 
the assertion follows. 

Likewise, for all e sufficiently small, if (S e ,e) G X, then C e is invertible over E e . Indeed, 
assume the contrary, then there exists a sequence (e n ) n6 N converging to with solutions 
for which C en is not invertible. However, by compactness again, this sequence converges 
to Eo and (C €n ) n ^ converges to Co. However, Co is invertible over Eo, which is absurd, 
and the assertion follows. 

Finally, it follows by the Implicit Function Theorem for Banach Spaces and the positivity 
of Cq, that for all sufficiently small e > 0, there exists an LSC immersed hypersurface E e 
such that (E e ,e) G X. 

Consequently, for all sufficiently small e, all hypersurfaces E e such that (E e ,e) G X are 
non-degenerate, and the number of such solutions counted modulo 2 is equal to 1. It now 
follows by mod 2 degree theory as developed in [22] and [26] that there exists a smooth, 
LSC immersed hypersurface E G J 7 such that: 

if(E) = K\ = K. 

This completes the proof. □ 

Proof of Theorem 1.2: We first claim that E is isotopic through smooth, LSC, immersed 
hypersurfaces to an immersed submanifold in a geodesic sphere. Indeed, let be the 
outward pointing unit normal vector field over E and define I:Ex [0, oof— >■ M by: 

i(p,t) = Ex P (m t (p)). 

Let d : E x [0, oof— > R be the distance in E x [0, oof to E x {0}. d is a convex function. For 
all t G [0, oof, let E t = <i _1 ({t}) be the level set of d at height t. Choose p G M and let d p 
be the distance to p in M. d p is also a convex function and we identify it with d p o I. 

Observe that <9(E x [0, oof) consists of 2 components, being E and (<9E) x [0, oof. Choose 
R ^ such that, for all q G Eo: 

d p (q) < R. 

Observe that, since M is non-positively curved, as d(q) tends to +oo, the angle between 
V<i and Vd p at q tends to 0. Thus, increasing R if necessary, we may assume that, for 
d p (q) ^ R: 

(Vd,Vd p )(q) > 0. 
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For s G [0, 1] define d s and E s by: 

d s = sd p + (1 - s)d, E s = dj 1 {{R}). 
For all s, and for all q such that d p (q) > i?: 

(Vd,Vd a )(g) >0. 

Thus, for all s G [0,1], E s fl Eo = and E s is transverse to <9E x [0, oof. Moreover, for 
all s, d s is convex, and so (E s ) s6 [ 0j i] defines an isotopy through smooth, compact, LSC 

immersed hypersurfaces from E# = Eo to Ei C dBn(p). Since Eo is isotopic to E#, the 
assertion follows. 

Using the a-priori estimates developed in this paper (Propositions 6.1 and 7.1), we now 
proceed as in the proof of Theorem 1.1 of [26]. The only supplementary result required is 
a proof that if E is a uniform limit of smooth, LSC, immersed hypersurfaces of prescribed 
K- curvature, then its normal at any boundary point lies away from the "minimal convex 
direction" of V := <9E (what we call the "convexity orientation" in Section 4 of [26]). If 
K is of finite type, then we easily adapt Proposition 4.1 to yield this result (it is even 
unnecessary to perturb <3>o). If K is of determinant type, then we likewise easily adapt 
Proposition 9.1 of [26] to yield this result. This completes the proof. □ 

Proof of Theorem 1.3: Let k : M — >]0, 1[ be a smooth function. Let E = (z, (S, dS)) be 
an isometrically immersed LSC hypersurface such that K(H) = k. Let N be the outward 
pointing unit normal over E. Let £ be the linearisation of the -ftT-curvature operator over 
E. By Proposition 3.1.1 of [15], for all / G C°°(S): 

Cf = (DK A (W) - DK A (A 2 ))f - DK A (Ress(f)), 

where W : TS ->• TS is given by: 

W -X = R NX N. 

Since the sectional curvature of M is bounded above by —1, for all X G TS: 

(W-X,X) =(R NX N,X) 

> \\ x \\ 2 
W > Id 

DK A {W) > DK A {1&). 
It thus follows from the hypotheses on K that: 

DK A (W) - DK A (A 2 ) > 0. 

Thus, for all / G C°°(5): 

(£/, /) > o, 

with equality if and only if / = 0. 
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We may conclude in two different ways. First, we may interpret this in terms of the degree 
theory of [19], in which case we see that the contribution of any solution to the degree of 
k is equal to +1, and that there is therefore only one solution. Alternatively, we reason 
more directly, as in the proof of Lemma 3.0.2 of [15], to reach the same conclusion. This 
completes the proof. □ 

Proof of Theorem 1.4: We claim that if T, u > E > £/, then E is contained in B R (po). 
Indeed, let (I,N) be the convex cobordism from E; to E u . By definition, N is foliated 
by geodesies normal to E; and terminating in E u . Let 7 : [0, 1] — >■ N be such a geodesic. 
Then: 

(I o 7 )(0) G S; C B R (po), (I o 7 )(1) £E U C B R (po). 
However, since M is non-positively curved, B R (p ) is convex, and so: 

(J 07) CB R (p ). 

Since 7 is arbitrary: 

(I(N))CB R (p ). 

Now let Ni := (Ii,Ni) and N u := (I u , N u ) be the convex cobordisms from Ej to E and 
from E to E u respectively. By Proposition 3.6, iVj U N u is the convex cobordism from E; 
to E u , and thus, by uniqueness, N = Ni UN U . In particular, ECiV, and so: 

£ c B R ( Po ). 

The assertion follows, and the proof is now identical to the proof of Theorem 1.1 with 
Proposition 7.1 replaced by Proposition 7.2. □ 

Proof of Theorem 1.5: Let E := (i, (S, dS)). We claim that if E u > E, then E C B R (p ). 
Indeed, suppose the contrary. Define Rq by: 

i?o = sup {r s.t. E C B r (p )} . 

By assumption, Rq > R, and so dB Ro (po) fl<9E = 0. It follows that E is an interior tangent 
to B Ro (po) at some point. Let 7 : [0, oof— > M be the half geodesic leaving B Ro (po) and 
normal to dB Ro (po) at this point. Since iV is a Hadamard manifold, B R() (po) is convex, 
and so 7 never meets B Ro (po) again. Since N is compact, by Proposition 3.5, 7 leaves N 
through E u and thus, in particular, intersects E u at some point, which is absurd, since 
S u C B Ro (pq). The assertion follows, and the proof is now identical to the proof of 
Theorem 1.2 with Proposition 7.1 replaced by Proposition 7.2. □ 

When M is affine flat, using approximation, we refine Theorem 1.4 to the following result: 
Lemma 9.1 

Let M be an affine flat manifold of non-positive sectional curvature. Let X c M 
be a compact subset. There exists r > which only depends on K, k and X with 
the following property: 
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Choose po g X. Let H be a totally geodesic hyperplane in M passing through 
Po- If O is an open subset of H with smooth boundary, and if E u is a C ' 1 , LSC, 
immersed hypersurface in M such that: 

(i) T, u is a piecewise smooth hypersurface consisting of a finite number of com- 
ponents which intersect transversally; 

(ii) K(E U ) > k in the viscosity sense; 

(iii) E u > O; and 

(iv) E u and O are contained in B r (p ), 

then there exists a smooth, LSC immersed hypersurface E such that: 

(i) O < E < E u ; and 

(ii) K(E) = noi. 

Proof: We first deform the metric on M slightly so that it has strictly negative sectional 
curvature. Since M is affine flat, for r sufficiently small, B r (po) is foliated by totally 
geodesic hyperplanes parallel to H. We deform these hyperplanes to obtain a foliation 
(H t ) t £]_ eje [ of smooth, LSC hyper surfaces. Define k G C°°(B r (p )) such that, for all 
p G B r (po), kq(p) is the K-curvature of the leaf of this foliation passing through p. For a 
sufficiently small deformation, kq < k. Moreover, by calculating DK as in Lemma 7.2 of 
[25], we may assume that C K(j is non-degenerate and stable over every open subset of H 
with smooth boundary. 

By Lemma 2.13 of [24], we may approximate E u by a sequence (E K n ) n6 N of smooth, LSC 
immersed hypersurfaces such that, for all n: 

K(E U;n ) > k. 

For all n, let fi n C Hq be an open subset of Hq with smooth boundary such that dQ n = 
<9E n . Suppose that E is a LSC smooth hypersurface which is a graph over fi n such that 
fi n ^ E < E Ujn and K(E) = no. By the Geometric Maximum Principal, there exists t ^ 
such that E is in fact an open subset of H t . Since <9E is contained in Hq, it follows that so 
is E. Thus, Q n is the only LSC smooth hypersurface which is a graph over Q n lying below 
E n of prescribed i^-curvature equal to kq- We thus exclude possibility (a) of Theorem 1.1, 
and thus, for all n, there exists a smooth, LSC immersed hypersurface E n which is a graph 
over O such that: 

(i) E n < E Ujn ; and 

(ii) K(E n ) = K. 

Letting n tend to infinity, letting 5 tend to and using a diagonal argument, we show that 
there exists a locally convex immersed hypersurface E which is a graph over Q such that: 

(i) E ^ E u ; and 

(ii) K(E) = k in the viscosity sense. 
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By Proposition 8.1, E is smooth near any point where it is strictly convex. Moreover, 
the set of points where E is not strictly convex is closed. As in the proof of Lemma 6.5 
of [25], we show that this set is stratified by totally geodesic strata which are the convex 
hulls of subsets of the boundary. Thus, by convexity, if E is not strictly convex at a single 
point, then it coincides with O, contradicting the fact that it is a viscosity solution over 
its interior. We deduce that E is strictly convex everywhere over its interior, and is thus 
smooth. This completes the proof. □ 

This yields Theorem 1.7 

Proof of Theorem 1.7: The Perron method as used in [8] and [29] relies on three results: 

(i) a compactness result for families of LSC immersions with prescribed smooth boundary. 
This is the "Main Lemma" of [29] . Although Trundinger and Wang only prove this result 
for hyper surfaces immersed in M n+1 it immediately extends to any Hadamard manifold for 
which there exists a totally geodesic hypersurface passing through any point and normal 
to any unit vector at that point. This condition is trivially satisfied when M is affine flat; 

(ii) the existence result, [7], of Guan, which is replaced in the current context by Lemma 
9.1; and 

(iii) the regularity result, [21], of Sheng, Urbas and Wang, which describes when sequences 
of LSC hypersurfaces of prescribed curvature converge smoothly to a smooth limit, and 
which is replaced in the current context by Proposition 8.1. 

We thus have all the ingredients we require to apply the Perron method, and the result 
now follows as in [8] and [29]. □ 

10 - On Work of Guan, Spruck and Szapiel. 

In this section, we prove Theorem 1.8: 

Proof of Theorem 1.8: This follows immediately from Proposition 10.1 and Corollary 
10.3. □ 

Proposition 10.1 

With the hypotheses of Theorem 1.8, there exists a C 1 LSC, embedded, hyper- 
surface E in EP +1 such that: 

(i) E is C°° away from the boundary; 

(ii) dE = T; and 

(iii) if(E) = k. 

Proof: We identify HP +1 with the upper half space in M n+1 . For all e > 0, define the 
horosphere H e = R n x {e} and define r e C H e by: 

r e = {(x,e) s.t. x e r}. 
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Let (e n ) n6 N > be a sequence of positive numbers converging to 0. By Theorem 1.3 of 
[10], we may assume that, for all n, there exists a smooth, LSC, embedded hypersurface, 
£ n , which is a graph of a smooth, function over O such that, for all n: 

(i) <9E n = T; and 

(ii) K(E n ) = k. 

For all n, E n bounds a convex set. Thus, taking limits, we may assume that there exists 
a C ' 1 convex, embedded hypersurface E in H n+1 such that: 

(i) <9E = T; and 

(ii) (E n ) n6 N converges to Eo locally unformly. 

Since <9Eq = T is smooth, TEo is well defined at every point of V. We claim that at every 
point of r, TdTiQ makes an angle of 9 with IR n , where: 

cos(6>) = tanh(<i) = k. 

Indeed, choose po G T, and let S C R n be a sphere contained in the complement of Q 
which is tangent to V at pq. Let H be the totally geodesic hypersurface in H n+1 such that 
dH = S. For all d > 0, let Hd Q M n+1 be the hypersurface lying above H at constant 
hyperbolic distance from H. By basic hyperbolic geometry and Axioms (ii) and (Hi) of K 
(homogeneity and normality respectively), for all d: 

K(H d ) = tanh(rf). 

For all n, since E n is a graph over O, it only intersects H at po. Likewise, so does E . 
Thus, by the Geometric Maximum Principal, if tanh(<i) < k, then Eo only intersects Hd 
at po- We deduce that TEo makes an angle of at most 9 with H at po, where: 

cos(6') = tanh(<i) = k. 

Likewise, using spheres contained inside O which are tangent to V at po, we show that the 
angle that TEo makes with H at po is at least 9, and this proves the assertion. 

We now show that Eq is smooth away from V. Indeed, by Proposition 8.1, the set of 
points where E is strictly convex is open in E , and thus the set, X, of points where E is 
not strictly convex is closed. It follows from the basic properties of convex sets that X is 
stratified by totally geodesic components which are each the convex hulls of intersections 
of T with totally geodesic subspaces of H n+1 (see [24] for details). Let Xq be one such 
component, and choose po G X H V. By definition of Xq, TEo makes a right angle with H 
at po, which is absurd. We conclude that X = 0, and thus, by Proposition 8.1 Eo is C°° 
away from the boundary. 

Finally, observe that the supporting normal to E is continuous and uniquely defined along 
T. Thus, since the supporting normal to a convex set is continuous whereever it is uniquely 
defined, we now conclude moreover that E is C 1 . This completes the proof. □ 
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Proposition 10.2 

Let Y and E be as in Proposition 10.1. If A is the shape operator of E, then, for 
all k ^ there exists B > such that, for all peS: 

\\V k A(p)\\^B, 

where || • || and V are the norm and covariant derivative over E induced by the 
hyperbolic metric. 

Proof: Indeed, suppose the contrary. Identifying H n+1 with the upper half space in R n+1 , 
we denote by h : H n+1 — >]0, oo[ the (n + l)'th component, which we view as a height 
function. Choose k > and let (p n )n€N G E be such that: 

(\\V k A(p n )\\) neN ->■ +oo. 

By compactness, we may assume that p n converges to a point po G V. For all n, let M n 
be an isometry of H n+1 which fixes po such that: 

h(M n (p n )) = 1. 

Bearing in mind that the angle that TE makes with M n along V is everywhere equal to 
6>, where cos(6>) = k, we deduce that there exists a compact subset X of H n+1 such that 
M n (p n ) G X for all n. 

For all n, denote T' n = M n T n and T,' n = M n Yi n . Since Y is smooth, (r^) n6 N converges in 
the Hausdorff sense in <9ooIHI n+1 to a sphere. By the basic theory of convex sets, (E^) n6 N 
converges in the Haussdorff sense in H n+1 U9ooE[ n+1 towards a C ' 1 , convex, embedded 
hypersurface, E' such that 9Eq = Y' . 

As in the proof of Proposition 10.1, Eq is smooth away from the boundary and has constant 
if-curvature equal to k. For all n, denote q n = M n p n . We may assume that there exists 
qo G Eq towards which (q n ) ne n converges. By Proposition 8.1, (E^) n6 ^ coverges to E in 
the Cfo c sense near qo. Consequently, there exists B > such that, for all n, if A' n denotes 
the shape operator of E^, then: 

\\V k A'(q n )\\ < B. 

However, for all n, M n is an isometry, and so: 

\\V k A(p n )\\ = \\V k A'(q n )\\<B. 

This is absurd by definition of (p n )nef<h an d the result follows. □ 
This immediately yields: 
Corollary 10.3 

For all k ^ 2, there exists B > such that if u : Q -»]0, oo[ is the function of which 
E is the graph, then, throughout O: 

\\u k - 1 D k u\\ < B. 
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